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Spectral Clustering

Cluster the nodes of a
graph using its structure.

Application in:

= Social network analysis
Point cloud segmentation
- Etc, etc
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Spectral Clustering

Cluster the nodes of a
graph using its structure.

Application in:

= Social network analysis

= Point cloud segmentation
- Etc, etc

Classical algorithm: Eigenvectors :
A

- Take W =<¢pD_- A
Id— D 1/2ApD-1/2

- Computeitsk-SVD W =UAU'", U= U.1:k

= Cluster the rows of (~] with k-means

gipsa-lab



Spectral Clustering

Cluster the nodes of a
graph using its structure.

Application in:

= Social network analysis

= Point cloud segmentation
- Etc, etc

Classical algorithm: Eigenvectors :
A

Take W =¢pD— A
Id— D 1/2ApD-1/2

Computeitsk-SVD W =UAU', U = U.1:k

Cluster the rows of (~] with k-means

= Many many (fast) variants... 0 S
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SC and SBM

Stochastic Block Model (SBM) g < {0,1}"*5  ©,, =1 ifnode i belongs to comm. k

B € [0,1] KX K Symmetric probability matrix

Qg5 ~~ BGI(BM) Independent edges
when @zk — @jg =1
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SC and SBM

Stochastic Block Model (SBM) g < {0,1}"*5  ©,, =1 ifnode i belongs to comm. k

B € 0, 1]KXK Symmetric probability matrix
Qg5 ~~ BGI(BM) Independent edges
when @zk — @jg =1

Sparsity = density of edges

0
B=«o,B

often BY = (1 — 7)Id + 71,xn

- Dense [ a,, ~ 1]
- Easy
- Sparse [Oén ~ 1/71]

- Hard (some asymptotic results from statistical physics)
[Krzakala, Mossel, Massoulié, Abbe...]

- Relatively sparse
- easier... [Oén ~ log n/n ]
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SC and SBM

B € [0,1] KX K Symmetric probability matrix

Qg5 ~~ BGI(BM) Independent edges
when @zk — @jg =1

Sparsity = density of edges Non-asymptotic analysis
B = o BO [Lei 2015]
— Gk
Often BY = (1 —7)Id + Tluxn - SCwith W =A
. logn

- Dense [a — 1} - Relatively sparse: a, = -

- Easy -
- Sparse [Oén ~ 1/71]

- Hard (some asymptotic results from statistical physics)
[Krzakala, Mossel, Massoulié, Abbe...]

- Relatively sparse
- easier... [Oén ~ log n/n ]

gipsa-lab




SC and SBM

Sparsity = density of edges
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B € [0,1] KX K Symmetric probability matrix

Qg5 ~~ BGI(BM) Independent edges
when @zk — @jg =1

Non-asymptotic analysis
[Lei 2015]

- SCwith W =A
logn

- Relatively sparse: a, = o

- Withprobal —n™" :

[L(@,@)gcr K }

| noy (1 — 7)2
V
L(6,0) = n ' min |65 — O]




SC and DSBM

Goal: Exploit past data to

= Track communities

- Enforce smoothness/consistency
- Improve result at time t

Many approaches (Bayesian, variational...)

gipsa-lab



SC and DSBM

Goal: Exploit past data to

= Track communities

- Enforce smoothness/consistency
- Improve result at time t

Many approaches (Bayesian, variational...)

HMM
- At each time step, each node change community with
l l l proba €7, (smoothness)
Ay A Ay - To simplify, B does not change

gipsa-lab



SC and DSBM

Goal: Exploit past data to

= Track communities

- Enforce smoothness/consistency
- Improve result at time t

Many approaches (Bayesian, variational...)

HMM
- At each time step, each node change community with
l l l proba €7, (smoothness)
Ay A Ay - To simplify, B does not change
Smoothed SC
[Pensky 2019]

1 r—1
= SCwith W = - A,

- ;;) bk

- Relatively sparse: Zlogn
n
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SC and DSBM

Goal: Exploit past data to

= Track communities

- Enforce smoothness/consistency
- Improve result at time t

Many approaches (Bayesian, variational...)

HMM
- At each time step, each node change community with

l l l proba €7, (smoothness)
Ay A Ay - To simplify, B does not change

Smoothed SC - Choose 7~ p,, L with

[Pensky 2019] D = min(l, \/m)
r—1 _
- 5C with W:lZAt—k -Withproba 1 —n~":
r k=0 N KQ

- Relatively sparse: =~ - logn L(©,8) 5 Cr nan (1 — 7)2 P

n ~v

n
Better if smooth enough €, = o(1/(a,n))
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Sparse and smooth: intuitively, the smoother the data, the sparser it could be...
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Sparse and smooth...?

Sparse and smooth: intuitively, the smoother the data, the sparser it could be...

Thm (Keriven, Vaiter)

- SCwith W = Zk BkAt—k:
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Sparse and smooth...?

Sparse and smooth: intuitively, the smoother the data, the sparser it could be...
Thm (Keriven, Vaiter) - Uniform [Pensky] 1 Zr_l A
k=
- SCwith W = Zk BrA_ / - Exponential [Chi, Xu] W, = (1 — \)W,_1 + A4,

Exponential
performs better in
practice, and A is
easier to choose
than T
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Sparse and smooth: intuitively, the smoother the data, the sparser it could be...
Thm (Keriven, Vaiter) - Uniform [Pensky] 1 Zr_l A
k=
- SCwith W = Zk BrA_ / - Exponential [Chi, Xu] W, = (1 — \)W,_1 + A4,

— A

Exponential 1 gl
performs better in

- Improved sparsity: 0 logn practice, and A is
P P y _n z i easier to choose
Pn n than T il
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Sparse and smooth...?

Sparse and smooth: intuitively, the smoother the data, the sparser it could be...

Thm (Keriven, Vaiter) - Uniform [Pensky] 1 Z At I

- SCwith W = Z B A / Exponential [Chi, Xu] Wy = (1 — \)Wi_1 + A4,

— A

Exponential 1 gl
performs better in

- Improved sparsity: 0 logn practice, and A is
P P y _n z i easier to choose
Pn n than T il
1)
Can handle the sparse case «, ~ —
1 n
when &, ~o ( - ) I
log”n
1
Remember we already had ¢,, ~ o ( )
\ noy, /
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Sparse and smooth...?

Sparse and smooth: intuitively, the smoother the data, the sparser it could be...

Thm (Keriven, Vaiter) - Uniform [Pensky] 1 Z At I

- SCwith W = Z B A / Exponential [Chi, Xu] Wy = (1 — \)Wi_1 + A4,

— A

Exponential 1 gl
performs better in

- Improved sparsity: 0 logn practice, and A is
P P Y —n z i easier to choose
Pn n than T |
- Withproba 1 —n=": 1\
Can handle the sparse case o, ~ —
- K* h 3 ! Il "
( ) ) ~ T’I’LOén(l . 7_)2 Pn og n 1
Remember we already had ¢, ~ o (na )
- nJ
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Normalized Laplacian

In practice, the normalized Laplacian works better. L(A) = D(A)"Y/2AD(A)~1/2

- No real explanation (some hints...)
- Here we show that it’s not worse, but require (very slightly) stronger hypothesis

- The proof has interesting by-products...
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Normalized Laplacian

In practice, the normalized Laplacian works better. L(A) = D(A)"Y/2AD(A)~1/2

- No real explanation (some hints...)
- Here we show that it’s not worse, but require (very slightly) stronger hypothesis

- The proof has interesting by-products...

Thm (Keriven, Vaiter)
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Withproba 1 —n~":

Is lower-bounded !

The multiplicative constant
nay, (1 —7)2 p%

. K2
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Sketch of sketch of proof

Proof is based on spectral norm concentration
|A—EA[ |IL(A) - LEA)]

+ classical “Davis-Kahan”-based perturbation analysis
+ almost-optimal k-means

|L(A®*P) — P|

May not be the best criterion...
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Sketch of sketch of proof

Proof is based on spectral norm concentration

|A=EA[[IL(A) = L(EA)]]

+ classical “Davis-Kahan”-based perturbation analysis
+ almost-optimal k-means

by
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it
3}

|L(A®*P) — P|
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Y Best clustering
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Summary (valid for any matrix with Bernoulli entries) May not be the best criterion...
Static Dynamic
Adjacency  Laplacian Adjacency  Laplacian Sparsity
Oliveira 2009  logn 1 o, = n - tlogn
Bandeira 2016  +/logn ap = n

Lei 2015  \/a,n an, = n tlogn

Pensky 2019 Vo n NS a2 n1 logn
Us NG Vv 1/(ann) /annpy, / Pn/(ann) O/ pn Z n~tlogn

Useful in many other contexts !
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Conclusion and outlooks

* We showed a theoretical link between smoothness and sparsity in dynamic SC

* As a by-product, obtained best spectral concentration for normalized Laplacian
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Conclusion and outlooks

* We showed a theoretical link between smoothness and sparsity in dynamic SC

* As a by-product, obtained best spectral concentration for normalized Laplacian

Outlooks

* Choice of forgetting factor in practice?
* Theoretical bounds-based methods do not work in practice...

* Sparse, constant smoothness analysis

* Some conjectures from statistical physics

Keriven, Vaiter. Sparse and Smooth: improved guarantees for
Spectral Clustering in the Dynamic Stochastic Block Model.
arXiv:2002.02892
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