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(Optimal) Transport in Graphs

Optimal Transport (OT): “optimal” way

to transport “mass” between several

locations. Defines a (family of) metric(s)

between probability distributions.
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(Optimal) Transport in Graphs

Optimal Transport (OT): “optimal” way
to transport “mass” between several
locations. Defines a (family of) metric(s)

between probability distributions.

On “graphs”?
* Usually transporting mass along the edges
* Interpretable metrics between groups of (weighted) nodes

are also interesting

* Non-existing edges can be inferred (ie, nodes are “close” in some sense)
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(Optimal) Transport in Graphs

T
Optimal Transport (OT): “optimal” way ././'.’

to transport “mass’ between several o .0

locations. Defines a (family of) metric(s) .\

between probability distributions.

On “graphs”?
* Usually transporting mass along the edges
* Interpretable metrics between groups of (weighted) nodes

are also interesting

* Non-existing edges can be inferred (ie, nodes are “close” in some sense)

* Here, target nodes are given (user- or algorithm-chosen)
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(Optimal) Transport in Graphs
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* How to transport stuff on a road/computer/etc

(Optimal) Transport in Graphs

network...?
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(Optimal) Transport in Graphs

* How to transport stuff on a road/computer/etc

network...?

* How different two groups of people are in a

social network? (w.r.t. unobserved preferences)

* How “far” apart are different regions of a

manifold? (w.r.t. geodesic distance)

* What is a good criterion to evaluate the

“quality” of clustering algorithms?

gipsa-lab




Entropic OT... in random graphs

Distributions Cost Matrix

OJEA;L_ CEszm
B €Al
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Entropic OT... in random graphs

Distributions Cost Matrix {5’31» e 75’5n}

Q€ A;L_ C c R?I_Xm {w’n—l—la cee 7$n—|—m}
p e A,j,; C= [C(ﬂfz‘,ﬂ?nﬂ)]ij
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Entropic OT... in random graphs

Distributions Cost Matrix {331» e 75’5n}
o€ AT mm ATty Tt}
1 C eR}
Be At C = [e(zi, Tni)]ij
‘..,- ‘. . ?‘. . .‘ |
SN EER T

Entropic-regularized OT: [Cuturi 2013]

WE (a, ) = pin (G, P) +eKL(Pla® f)

NB: Sinkhorn’s algorithm only uses K = e ©/¢
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* Estimate
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Entropic OT... in random graphs

Distributions Cost Matrix {331» e 75’5n}

Q€ A;?I/_ C c R?I_Xm {w’n—l—la cee 737n—|—m}
p e A,j,; C= [C(ﬂfz‘,ﬂ?nﬂ)]ij

Random graph /edges

a;; ~ Ber(wy,(z;,7;))

Entropic-regularized OT: [Cuturi 2013]

WC Q, — min C,P +eKL(Pla® >
¢ (o, B) PeH(a,B)< ) (P b) * How close is W (o, 8)7?
—C/e

* Estimate

NB: Sinkhorn’s algorithm only uses K = ¢
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Stability of OT to inexact cost
Application to RG with “local” kernels
Application to RG with “non-local” kernel

Wasserstein Barycenters (w/ Marc Theveneau)

QIOIOIO
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Stability to inexact cost

Stability to inexact cost matrix?

Immediate: Ve >0 (WY (a,3) — W?(Oé,ﬂ)\ <supp [(P,C — éﬂ < ||C — é”oo
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Stability to inexact cost matrix?
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May not be sufficient! E.g., obviously HA —EA |oo does not converge...
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Stability to inexact cost

Stability to inexact cost matrix?

A

Immediate: Ve >0 |[W%(a,8) — W (a, B)| < supp (P, C — CN < ||C — éH<><>

May not be sufficient! E.g., obviously HA —EA |oo does not converge...

Theorem (K.): If £ < Cij,éz‘j <L and a; < %ﬁj S %
\V/E > O c/ C’/
WE(a,8) - WE (0, 0)] 5 eetttmt/elE ]
< 2t-nelC=Clr
~ v/nm
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Stability to inexact cost

Stability to inexact cost matrix?

A

Immediate: Ve >0 |[W%(a,8) — W (a, B)| < supp (P, C — é>\ < ||C — éH<><>

€

May not be sufficient! E.g., obviously HA —EA |oo does not converge...

- 5 ° | iant to t lati s
Theorem (K.):  If £<C;;,Cy; <L and a; S 2,8, S L ° Invariant to translating C', C

* Exponential in €
Ve >0 P

R —Cl/e _ _é/‘E * First bound stronger, second
C BRYYe: (2L—20)/ e € | ger,
‘We (&7 B) We (a> B)| 5 €e ) /mm bound more “usable”

* Proof: classical, bound the

< 2oy 1C=Cllr
~ vnm
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Stability of OT plan

Using strong convexity, we can obtain stability of the OT plan:
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Stability of OT plan

Using strong convexity, we can obtain stability of the OT plan:

Theorem (K.): If ¢ < C'ij,CA'ij <L and a; < %7@ < %
Ve > 0 A |
KL(PC|PC) < e le2 B0/ I€—ClIF | ar-7e/2)/ le=C/e — e=C/e|
) VI Jm

* Still invariant by cost shift
* |ncludes both norms

* Slower rate than convergence
of the metric itself
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Stability of OT to inexact cost
Application to RG with “local” kernels
Application to RG with “non-local” kernel

Wasserstein Barycenters (w/ Marc Theveneau)

WM
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Geodesics on manifolds

RGs with “local kernels”: close nodes are connected, radius decreases when #nodes increases

Known: weighted shortest paths converge to geodesic distance
[Bernstein et al. 2000]
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Geodesics on manifolds

RGs with “local kernels”: close nodes are connected, radius decreases when #nodes increases

* k-manifold My C R4 Known: weighted shortest paths converge to geodesic distance
with geo. dist. d/\/l (33, y) [Bernstein et al. 2000] )
* Fixed {z1,....,Tpim} C Mg = 64
iid PSR
* Nodes {xn—l—m—l-l? ... 7%]\[} ~ :}, £ * f_kg .
with N = 00 g "4
* Kernel wN(:c,y) — 1||:1;—y||§hN & A
with log(1/hN)
NRE 0
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Geodesics on manifolds

RGs with “local kernels”: close nodes are connected, radius decreases when #nodes increases

* k-manifold My C R4 Known: weighted shortest paths converge to geodesic distance

with geo. dist. d/\/l (33, y) [Bernstein et al. 2000]

* Fixed {331, 733n—|—m} C M,

[ X3 1
-

* Nodes {Znim1,- - ENF ~ ¥ R vl ol
* Kernel wn(2,y) = Ljo—y|<in * 7
with log(1/hn)
NRE, 0

Theorem (K.): if I has a lower-bounded density, whp

hnvSP(vi, Untj) = dp(Tis Tngj) + O ((%) k)
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Geodesics on manifolds

RGs with “local kernels”: close nodes are connected, radius decreases when #nodes increases

* k-manifold My C R4 Known: weighted shortest paths converge to geodesic distance

with geo. dist. d/\/l (33, y) [Bernstein et al. 2000]

\ /o]
* Fixed {@1,...,Znym} C My % Celieny
il Ty = Jlelpalame, %epg))
* Nodes {Tnimi1,.- -, N} ~ vV Yo it 000Y londs to
with N — o0 .
. ; ’ »: 8 I ||CSP — CHOO — 0
Kernel wN(:c,y) = 1||sc—y||§hN s Y B
with log(1/hn)
NRE 0

Theorem (K.): if I has a lower-bounded density, whp

hnSP(vi, Untj) = daa (s, Tngj) + O ((%) k)
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[llustration

Some numerical . ;
illustrations... EHET AN
:A, ’“: b \, m !
Soa e & gy

101 B
e QT error

IC = Clix
—— KL(P° P%)

10° 10°
N

Convergence of shortest path MDS embedding Convergence rates
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Stability of OT to inexact cost
Application to RG with “local” kernels
Application to RG with “non-local” kernel

Wasserstein Barycenters (w/ Marc Theveneau)

QIOIOI®
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USVT estimator

RGs with “nonlocal kernels”: fixed kernel, multiplying factor decreases when #nodes increases

* Nodes {3317 e 75’3n+m}

with n ~m — oo

* Kernel wn(af,y) = in(xay)
with p, = (logn)/n
and psd kernel

* Cost c(z,y) = f(w(x,y))
with Lipschitz f
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USVT estimator

RGs with “nonlocal kernels”: fixed kernel, multiplying factor decreases when #nodes increases

* Nodes {Z1,-..sTpym}
with 1 ~ m — o0

* Kernel wn(af,y) = in(xay)
with p, = (logn)/n
and psd kernel

* Cost c(x,y) = fw(x,y))

with Lipschitz f

[Lei&Rinaldo 2015]
Pbm: %HA/pn - WH S (npn)_§

but L[ A/pn = Wr /0
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USVT estimator

RGs with “nonlocal kernels”: fixed kernel, multiplying factor decreases when #nodes increases

* Nodes {T1,...)ZTnim} Universal Singular Value Thresholding (USVT)
with n ~ m — oo * Diagonalize 4 =3, O-z'a'ia;r [Chatterjee 2015]
* Kernel wy(7,y) = prw(x,y) W, = cubjy, i wmax] (Pﬁl Zaiz%/pn—n Oiaia;r)

with p, = (logn)/n
and psd kernel
* Cost c(z,y) = f(w(x,y))

with Lipschitz f

[Lei&Rinaldo 2015]
Pbm: %HA/:OTL - WH S (npn)_§

but L[ A/pn = Wr /0
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USVT estimator

RGs with “nonlocal kernels”: fixed kernel, multiplying factor decreases when #nodes increases

* Nodes {Z1,-..sTpym}
with 1 ~ m — o0

* Kernel wn(af,y) = in(may)
with p, = (logn)/n
and psd kernel

* Cost c(x,y) = fw(x,y))

with Lipschitz f

[Lei&Rinaldo 2015]
Pbm: %HA/pn - WH S (npn)_§

but L[ A/pn = Wr /0
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* Diagonalize 4 = Zz g;0;0Q

Theorem (K.): for all 7 > 0, there is ¥» such that, with
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USVT estimator

RGs with “nonlocal kernels”: fixed kernel, multiplying factor decreases when #nodes increases

* Nodes {T1,...)ZTnim} Universal Singular Value Thresholding (USVT)
with n ~ m — oo * Diagonalize 4 =3, O-z'a'ia;r [Chatterjee 2015]
* Kernel wy(7,y) = prw(x,y) W, = cubjy, i wmax] (Pﬁl Zgiz%/pn—n Oiaia;r)

with p, = (logn)/n
Theorem (K.): for all 7 > 0, there is ¥» such that, with

and psd kernel A
proba 1 —n7" LW, = Wilr S (npn) =14

* Cost c(x,y) = f(w(x,y))
with Lipschitz f Corollary:

[Lei&Rinaldo 2015] S
S (@, B) = WE (, B)| S eXE=D/e(p, )= 1/4

Pbm: 1|4/ p, = W S (npa) ™ e A
C1pCY < —1/2,4(L—¢) /e ~1/8
but  L[|A/p, — W|r 40 KL(P®[P%) S e /7e (pnn)
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When w(x,y) = e~ = , the matrix W is directly the “Sinkhorn” matrix K = e~ ¢/

when € = 0 and c(x,y) = ||z — y||P
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lz—yll?

When w(z,y) =e~ " = , the matrix W is directly the “Sinkhorn” matrix K = e~ ¢/°

when

gipsa-lab

€E —O0

and c(z,y) = |z —y|]?

Theorem (K.):

Defining L& (a,8) =maxs, fla+g' 8- e(eé ©a)TK(ec ®8) +e

the dual OT cost with matrix K , whp

(plus some bounding conditions

on the potentials)

L2777 (0, B) = WC(a, B)| < (npn)~1/2



[llustration

Observation, true kernel, USV'T, true OT plan, estimated OT plan.
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[llustration

~. | Convergence of OT distance.
107 Dotted: fast estimator
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[llustration

Cond. | Cut | Cov. | Perf. | Mod. oT
Cire. 0.78 | 0.95 | 0.96 | 0.91 | 0.96 0.97
GMM | 0.71 0.95 ] 0.95 | 092 | 0.95 0.97

10—1 ]

Clustering quality: correlation

Convergence of OT distance. between quality metrics and

10 Dotted: fast estimator increasingly noisy clustering
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Stability of OT to inexact cost
Application to RG with “local” kernels
Application to RG with “non-local” kernel

Wasserstein Barycenters (w/ Marc Theveneau)

PWOE
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Entropic Wasserstein Barycenters

o . ‘
S distributions S cost matrices to a common space Q}, -,'.'-’t
n X m
Bs € A Cs € RL™™ o
3 %
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Entropic Wasserstein Barycenters

o . ‘ )
S distributions S cost matrices to a common space Q}, -,'.'-’t
+ X Mg A
Bs € Ap,, Cs € R-I- .24 &,
o L

Wasserstein Barycenters [Agueh Carlier 2011]

Given nonnegative weights ZS Ag = 1

oY = arg min B%(a) = Z)\SWECS (a, Bs)

ozEA;t

NB: a variant of Sinkhorn’s algorithm only uses K, = e~ Cs/¢

[ J
@ 030
[ J
[ ]
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WB stability to inexact cost

Immediate: Ve >0 |B%(af) - BC(af)| <3, AsllCs — Cslloo
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WB stability to inexact cost

Immediate: Ve >0 |B%(af) - BC(af)| <3, AsllCs — Cslloo

We are more interested in the stability of the barycenters af |
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WB stability to inexact cost

Immediate: Ve >0 |BE(al) — BE(af)| < T, AsllCs — Cilloo
We are more interested in the stability of the barycenters af |

Theorem (T,K) If /< Csz'j, ésij <L
Ve >0

HO‘eC — O‘EH% S ee® 0/ Z)‘SHCS — CA’SHOO
S
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WB stability to inexact cost

A

Immediate: Ve >0 |BY(a%) - Bec(of)\ <> As||Cs — ésHoo

We are more interested in the stability of the barycenters af |

* Invariant to translating C', C'

Theorem (T,K): If £ < Cyij,Cyiy < L + Exponential in €
Ve > () * Only supremum norm, Frobenius
still open
C C 12 < .3(L—2) /¢ A * Proof: classical, bound the dual
a —« €€ E As||Cs — C
H € € H2 ~ SH 5 SHOO potentials
S

* More recent results with different

approach: see Chizat 2023
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[llustration

Immediately lead to convergence for local
kernels on manifolds (non-local still open)

k;./ e k/ ST
"._,‘,J CoOow Cow
/ 0'066 gw,» )66
¢®60w@®0

(a) Barycenters with the true geodesics (known for the sphere).  (b) Barycenters with the shortest paths in a random graph. ;t

0.10 8 R @® 010

°

e 020 . ! @ 030
® 030 . @ 020
® 040 @ 040

0.00
0.00
1.00
0.00
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Conclusion

* OT and WB can be done when the cost matrix is not known exactly
* Maybe “reinventing the wheel” a bit, but interesting results in the context of random graphs
* First steps, many outlooks:

* More integrated, data-driven way of estimating the cost?

* WB with non-local kernels

* Other applications?

Keriven N. Entropic Optimal Transport in Random Graphs. arXiv:2201.03949
Theveneau M., Keriven N. Stability of Entropic Wasserstein Barycenters
and application to random geometric graphs. arXiv:2210.10535

nkeriven.github.io
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