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Why care about graphs?

Knowledge
graph

Computer network

Brain connectivity network

Protein interaction 
network

Gene regulatory network

Internet
Molecule Social network Transportation network

Scene understanding network

3D mesh

● Many types of interesting data can be 
represented as graphs

“if all you have is a hammer, everything 
looks like a nail”

● Modern Graph ML is “part 
of/referred to as” Geometric Deep 
Learning
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Large graphs
● Modern graphs are 

HUGE

● Any reasonable 
processing pipeline 
includes graph 
reduction methods

Reddit
200k nodes, 114M edges

Wikipedia
6M nodes, 200M edges

2/26



 

Large graphs
● Modern graphs are 

HUGE

● Any reasonable 
processing pipeline 
includes graph 
reduction methods

● Two main kinds:
● Graph sampling
● Graph coarsening

Reddit
200k nodes, 114M edges

Wikipedia
6M nodes, 200M edges
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Graph sampling
● Sample nodes/edges from a large graph
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Graph sampling
● Sample nodes/edges from a large graph

● Pros:
● Light, fast
● Can be done at many stages
● Many different samplers

● Cons:
● Extracting a subgraph
● Difficult to control the loss of information
● k-hop sampling vs. small-world graphs
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Graph coarsening
● Create a small graph from a large graph
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Graph coarsening

Different ways to coarsen a graph

   This talk: graph coarsening and GNNs   

Antonin Joly, Nicolas Keriven, Aline Roumy. Taxonomy of 
reduction matrices for Graph Coarsening. NeurIPS 2025. 

Antonin Joly, Nicolas Keriven, Aline Roumy. Graph 
Coarsening with Message-Passing Guarantees . NeurIPS 2024. 
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Outline

Graph coarsening...

... and Graph Neural Networks

Bonus: taxonomy of graph coarsening



 

Graph

Adjacency matrix

Laplacian

Diagonal of degrees
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Graph coarsening

Graph coarsening:
● group nodes into “supernodes”
● Create weighted edges by counting 

original ones
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Graph coarsening

Coarsened Adjacency matrix

Coarsened Laplacian

Graph coarsening:
● group nodes into “supernodes”
● Create weighted edges by counting 

original ones

Membership matrix
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Graph coarsening consistency

Membership matrix
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How to coarsen a graph?

● Many different methods

● Often iteratively
● Select “contracting set”

● edges, neighborhood...
● Merge them
● Repeat
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How to coarsen a graph?

● Many different methods

● Often iteratively
● Select “contracting set”

● edges, neighborhood...
● Merge them
● Repeat

● Generally done to (approximately) optimize some cost, in a greedy manner
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Restricted Spectral Approximation
Intuitively, possible to preserve the low-frequencies of the graph
➢ Slow varying signals           on the big graph can be well-approximated on the small graph
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Restricted Spectral Approximation
Intuitively, possible to preserve the low-frequencies of the graph
➢ Slow varying signals           on the big graph can be well-approximated on the small graph

Reduction

Lifting

Average within super-nodes

Expand constant signal 
within super-nodes

Does reduction-lifting degrades too much the signal?
10/26



 

Restricted Spectral Approximation

Speed of variation (aka Dirichlet energy):

11/26



 

Restricted Spectral Approximation

Speed of variation (aka Dirichlet energy):

RSA: Bound difference between signal and projected-reconstructed version
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Restricted Spectral Approximation

Speed of variation (aka Dirichlet energy):

RSA: Bound difference between signal and projected-reconstructed version

some target subspace Consistency:
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Coarsening algorithm

Goal: 
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Coarsening algorithm

Goal: 

● NP-hard in general

● Approximative algo, often greedy
● Might still be quite costly!

Loukas. Graph reduction with spectral and cut guarantees (2019)
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Outline

Graph coarsening...

... and Graph Neural Networks

Bonus: taxonomy of graph coarsening



 

ML on graphs: Graph Neural Networks

Graph Neural Networks (GNN) are “deep architectures” to do ML on graphs.
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ML on graphs: Graph Neural Networks

Graph Neural Networks (GNN) are “deep architectures” to do ML on graphs.
● Updates node representations at each layer, starting with input node features

● No node features? Handcrafted stuff, but not ideal...

● Alternates linear operations/non-linear activation functions
● Extremely flexible: can perform node/graph/link prediction with minimal adaptation
● State-of-the-art, but still quite many problems
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The message-passing paradigm
Modern GNNs are often built around a message-passing interpretation. 

At each layer, each node 
receives “messages” from its 
neighbors.

Gilmer et al. Neural Message Passing for Quantum Chemistry. (2017)
Kipf et al. Semi-Supervised Learning with Graph Convolutional Networks (2017)
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The message-passing paradigm
Modern GNNs are often built around a message-passing interpretation. 

At each layer, each node 
receives “messages” from its 
neighbors.

● Messages are treated as a set: no node ordering!
● Resulting GNNs are permutation equivariant (node) or invariant (graph), and 

can be applied to any graph once trained

Gilmer et al. Neural Message Passing for Quantum Chemistry. (2017)
Kipf et al. Semi-Supervised Learning with Graph Convolutional Networks (2017)
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Propagation matrix
Message-passing often materialized through a propagation matrix                , such that

15/26



 

Propagation matrix
Message-passing often materialized through a propagation matrix                , such that

Node representations

15/26



 

Propagation matrix
Message-passing often materialized through a propagation matrix                , such that

Node representations

Non-linear activation function

15/26



 

Propagation matrix
Message-passing often materialized through a propagation matrix                , such that

Node representations

Non-linear activation function Learnable weights
and bias

15/26



 

Propagation matrix
Message-passing often materialized through a propagation matrix                , such that

Node representations

Non-linear activation function Learnable weights
and biasExample:         

(sum aggregation)

15/26



 

Propagation matrix
Message-passing often materialized through a propagation matrix                , such that

Node representations

Non-linear activation function Learnable weights
and biasExample:         

(sum aggregation)

(mean aggregation)

15/26



 

Propagation matrix
Message-passing often materialized through a propagation matrix                , such that

Node representations

Non-linear activation function Learnable weights
and biasExample:         

(sum aggregation)

(mean aggregation)

15/26



 

GNN and graph reduction
One application of GNN: Training: times number of iterations!
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GNN and graph reduction
One application of GNN: 

● As preprocessing
● Huang et al. Scaling up Graph Neural Networks Via Graph Coarsening, 2021

● During training (batching...)
● Gasteiger et al. Influence-Based Mini-Batching for Graph Neural Networks. 2022

● Within the GNN itself -> may be differentiable
● Ying et al. Hierarchical graph representation learning with differentiable pooling. 2018

● GNN can also be trained to coarsen graphs
● Cai et al. Graph coarsening with neural networks. 2021

Training: times number of iterations!

Graph 
reduction 
(sampling, 
coarsening):

This paper
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GNN and graph reduction
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Q: Does training on a coarsened graph approximate training on the original graph?

Original Coarsened

Approximately the same output? 
● Assuming a good RSA? (good quality coarsening)
● Assuming that all signals are approximately “low-frequencies”?

Boils down to: is propagating with    approximately the same as propagating with     ?

“coarsened propagation”?
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Choice of coarsened propagation
Natural/previous choice: if                   , take

● That is,                             ,                              , etc.
● Basically ignores that the small graph comes from a coarsening process

Does not work! 

is not approximately

Example:

is approximatelyCoarsening,
reconstruction

Coarsening,
propagation,
reconstruction
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Immediate fix!

Simple fix!
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Immediate fix!

Simple fix! Then
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Immediate fix!

Simple fix! Then

Can be transferred to 
guarantees on GNN 
training under 
appropriate 
assumptions...
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Properties

● Not symmetric in general!

● Twice the memory footprint (mild)

● Can be applied to any propagation matrix!

21/26



 

Numerical results

Approx
error

theory

Us

Smaller graph

22/26



 

Numerical Results

-> difficult to treat very large graphs, as the RSA-coarsening itself is costly... (future work)
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Outline

Graph coarsening...

... with Graph Neural Networks

Bonus: taxonomy of graph coarsening



 

Reduction vs lifting

● Until now,
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Reduction vs lifting

● Until now,

● But only Q is important for consistency!

● Can we change P?
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Several choices for P

Increasing level of constraints:

● E1: Generalized inverse (no closed-form)
● E2: Generalized reflexive inverse (not sparse)
● E3: Generalized reflexive inverse with same support
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Several choices for P

Increasing level of constraints:

● E1: Generalized inverse (no closed-form)
● E2: Generalized reflexive inverse (not sparse)
● E3: Generalized reflexive inverse with same support

-> closed-form (E2 and 3) can be used to optimize the RSA!
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Several choices for P
-> can be used to further optimize the RSA!

Can be used within GNNs
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Outline

Conclusion



 

Conclusion

Antonin Joly, Nicolas Keriven, Aline Roumy. Taxonomy of 
reduction matrices for Graph Coarsening. NeurIPS 2025. 

Antonin Joly, Nicolas Keriven, Aline Roumy. Graph 
Coarsening with Message-Passing Guarantees . NeurIPS 2024. 

● Graph reduction is unavoidable in Graph Machine Learning, but still in its 
infancy

● Both coarsening and sampling have pros and cons
● Graph coarsening is difficult/costly, but bears many promising directions

● pooling CNN-like? Heterogeneous graphs?
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