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NOTATIONS

set of samples/latent variables z;. Assumed included in R% and generally compact.
Set of labels: discrete for classification, continuous for regression.

set of predictions ¢, that may be different from ) or not. Generally included in R%.

Equipped with a metric dy.

Z set of node features z;. Assumed included in R% and generally compact.
6 =06(2) set of all graphs G = (A, Z), with weighted adjacency A and node features Z in Z.
6, C6 graphs of size n
(R norm |[jvf|, = (3, v!)1/9 for a vector, or 151, = sup, [ISv]l, /[lv]|, for a matrix.
Sometimes shortened ||-|| = |||,
: : nxd _ (1 a\1/a _
Ml .27 applied to a matrix X € R"*%, equal to || X||,,, = (230 11X 0%) . When ¢ = oo,
X o,2 = sup; [[Xi.[|-
Faul Space of all “classical” prediction functions f : X — Y. Equipped with dy o (f,9) =
sup,, dv (f(z), 9(x)).
B(X) bounded functions f : X — R, equipped with the norm | f||,, = sup, |f(z)|. For
multivariate functions f € B(X)P, the norm is || f||, = sup, || f(z)]],
F C Fau Set of function in practice, e.g. neural nets.
tx f sampling operator vx f = [f(z;)]7, € R"*4
Hail Space of all node-level prediction functions, applicable to all graphs and
permutation-equivariant. Equipped with a family of metrics dy,(h,h') =
Sup 4 7 Max; dovy(h(A, 2);, W (A, Z);).
Hait,oo C Hanr functions whose expected risk over random graphs of size n converges. Depends on
the random graph model.
HC Hau node-tasks prediction functions in practice, e.g. GNNs. Ideally subset of H;,0, but
must be proven.
l loss function £:Y x Y — Ry
7A€ML empirical risk in classical ML



expected risk in classical ML

Bayes predictor

ML
fr best function among F
R empirical risk in graph ML
Rn expected risk over graphs of size n
Roo limit risk for functions in Hgiy,00
h* best graph prediction function (minimizes Roo over Hair 00)
hy best graph prediction function among H
Wy (x, z') connectivity kernel for Latent Position Models (LPMs). Generally W,,(-) = a,w(-).
B a family of graph distributions P = { P, },,>1 for each graph size n. Generally a LPM
Fy C Fau for “PB-convergent” set of functions on graphs H C Hgy, set of limit functions
S graph representation matrix, generally S = A/(nay,), S = D™Y/2ADY2 or § =

7(0) — Z<0)(A,Z)
Pk
Dy

25

DA,

Positional Encodings (PE) or node features

activation function at layer k

GNN parametered by 6, generally a Message-Passing GNN

“continuous” GNN, towards which ®y is generally P-convergent.
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A WORD AND ORGANISATION OF THE
MANUSCRIPT

For the reader not familiar with the French Habilitation a diriger des recherches, it is the “last”
academic diploma in France. It is in particular required to supervise PhD students (although
having co-supervised PhD students beforehand is a requirement to obtain it!). The associated
manuscript — this document — is often thought to be a “second” PhD thesis, although somewhat
more free in content and form. The candidate is more or less free to present whatever they
want, from a succinct presentation of their past and current work to a quasi-book with complete

introduction to their field.

This manuscript presents a selection of my works of the last few years in the field of Graph
Machine Learning (Graph-ML, or GML). Compared to the original papers, it includes quite

a bit of reformulation, harmonization, and consequently some new material (Chapter 2).

Although I deal with graphs routinely, I do not consider myself a specialist of “graph theory”,
or even of “network (data) science”; as it is sometimes referred to in data science. Like many
researchers in Graph-ML, I have a background in Signal Processing and Machine Learning:
before 2019, when I started to take an interest in graphs, I worked on dimensionality reduction
in machine learning and signal processing (I am a product of the “compressed sensing” school).
I think that this background is significantly reflected in my work !. Over time, my research also
shifted more and more towards theoretical contributions, although I collaborate with students
and colleagues that are more on the practical side. As a consequence, this manuscript will be
mostly theoretical in nature, and only includes a few numerical illustrations extracted from their

original papers.

It can be said that in the current field of Graph-ML, there are roughly two main approaches.
The first deals with graphs using discrete and combinatorial reasonings, and is more rooted in
computer science and classical graph theory. It allows to prove “strong” properties that are exact

and often deterministic: e.g., a particular Graph Neural Network 2 (GNN) is (theoretically) able

1. to an extent, this is also true for most of the Graph-ML community, in which researchers have in background
in ML rather than graph theory.
2. a deep neural network on graphs, which we will extensively introduce in the rest of the manuscript

11
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to emulate this or that classical graph algorithm, produce a particular graph coloring, and so
on. The second approach, rooted in statistical Machine Learning, would rather treat graphs as
random data, and derive probabilistic results: e.g., a GNN will succeed with high probability in
identifying approximate communities in a Stochastic Block Model (SBM), and so on. Of course,
these two points of view have always co-existed long before GML and are naturally porous,
such that many results could be said to belong to both worlds: it is a continuum rather than a

black-and-white situation.

Nevertheless, I am definitely part of the second realm. Like many researchers with my back-
ground, I love dealing with probabilities, statistics, concentration inequalities... as well as con-
tinuous objects like functions, which is a paradox when working with graphs, but also a source of
originality that is a core part of my work. On the other hand, I find myself painfully aware of my
limitations with regards to discrete mathematics. A large part of my research has therefore been
to use the age-old trick of taking the limit “from-discrete-to-continuous”, generally by making
various quantities increase to infinity and having some kind of process to describe the growth
(here, the number of nodes in a random graph). In the continuous world, one gets rid of pesky
combinatorial difficulties and awful intricated sums for the familiar world of Lipschitz functions,

integrals, and so on.

As it turned out, this approach — combining modern GML objects such as GNNs with random
graphs — was quite absent from the GML landscape when I started studying it in 2020. All the
required mathematical notions were lying around and were not new by any means, but GML
and GNNs were young enough such that nobody had really taken a point of view grounded
in statistical ML on it. We were a few authors (now colleague and friends) to introduce this
approach approximately at the same time in different parts of the world (namely, Germany [84],
the US [130], and my co-authors and I in France [NK14]). Now, the use of random graphs in
GML is (slightly) more common, but is still riddled with fascinating open questions and remains

at the core of my research 3.

This manuscript. In light of this, I elected to present a quite narrow batch of papers in this
manuscript, focused on random graphs in machine learning, and assemble them into (what I hope
to be) a coherent whole — except for the last chapter, which contains a standalone contribution.
This is not the most common approach for an Habilitation manuscript, which usually presents
a diverse selection of works. Indeed, it ignores several projects that I have worked on in Graph
ML: on graph coarsening [NK6, NK7], community detection [NK12], optimal transport on graphs
[NK8, NK16], determinantal sampling [NK5], kernel methods for random graphs [NK3, NK4],

among others. Nevertheless, it is by far my “main” line of work, and gathering these papers into

3. 6 years after this first paper, random graphs in ML are still the main topic of my recent ERC StG grant
(MALAGA), and should therefore remain my main object of interest for the next 5 years.

12
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a coherent whole was an appealing project in itself. In particular, Chapter 2 presents a general
framework tying many of my previous results together, new and still unpublished: it was only
by attempting to give a unifying view in this manuscript that I ended up introducing new tools

for this chapter. In details, the manuscript is organized as follows.

1. In Chapter 1, I start with preliminary material on graphs, Graph-ML, and Graph Neural
Networks. Of course, each of these topic would deserve a whole book, and I necessarily give
only a brief and narrow overview. I focus on material useful to understand this manuscript,

strongly biased towards my personal preferences.

2. Chapter 2 contains material that is as of yet unpublished 4. Starting from a brief intro-
duction to statistical ML, I develop a generic framework to analyze ML algorithms that
perform prediction on the nodes of graphs, with an emphasis on the large-graph limit. I
then introduce a family of random graph models called Latent Position Models, which en-
compass most random graph models developed in the literature ®. Combined with the new
GML framework, they yield novel connections between GML and regular ML, and condi-
tions to perform a full analysis of the generalization error. This was in fact the motivation

to develop such a framework, and a consequence of writing this manuscript.

3. In Chapter 3, I implement all the results of the previous chapter for various Graph Neural
Networks, thereby showing complete results on their generalization for node prediction. It
is a gathering of results from several papers [NK14, NK15, NK13, NK1], re-casted in light
of Chapter 2.

4. Chapter 4 presents an independent contribution, on the matter of GNN oversmoothing. It is
a fascinating phenomenon specific to GNNs that severely limits their depth. Oversmoothing
has remained an interesting “side-project” for me, and this chapter contains the results of
two single-author publications on the topic. This chapter is presented as a “bonus” chapter,
even though notions from Chapter 2 will be evoked and it is not entirely independent from

the rest of the manuscript. It can still be largely read independently.

All along the manuscript, several technical proofs will be given, when they concern novel results,
or when the given version of the result departs too far from its formulation in the original paper.
They are situated in the Appendix of each chapter, which can be safely skipped by the reader
if wanted. Otherwise, all technical proofs of results from my papers can be found in the original
version. All my paper are available on open-access repositories, whose links can be found on
my website https://nkeriven.github.io. In the manuscript, references to papers that I co-

authored are indicated by [NK:]. Whenever appropriate, I try to use the pronoun “I” when

4. as such, it hasn’t been peer-reviewed. In particular, I am not sure if it constitutes a “contribution” in the
classical sense of the term, or just an interesting rewriting and gathering of results.
5. virtually all models except for preferential attachment random graphs [9] and their variants

13
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referring to personal thoughts for this manuscript or (rare) single-author works, and default
to the usual “we” for any collaborative work, in the majority of the case. A complete table of

notations can be found at the beginning of the manuscript.
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CHAPTER 1

INTRODUCTION

Summary

This is an introductory chapter, organized around three levels of specificity. In a nutshell:

— Graphs are both very real and purely mathematical objects representing networks
of interconnected objects. Graph theory is strongly multi-faceted, depending on one’s
background and preferences.

— Graph Machine Learning (GML) comes in several flavors: performing predictions
at the graph-level, node-level, edge-level... This manuscript will focus on the node-
level. In particular, it deviates from the “independent data” paradigm at the founda-
tion of ML theory. Permutation-invariance is the main constraint of GML algorithms.

— Graph Neural Networks (GNNs) are deep networks acting on graphs. They may
appear to come in many flavors, but most of them perform message-passing on the
edges of the graph. They are extremely flexible and permutation-invariant by construc-
tion, but have limitations: limited expressivity, difficulty in dealing with heterophilic

graphs, difficulty with increasing depth...

Contents
1.1 Graph... . . . . 0 e e e e e e e e e e e 16
1.1.1 Graphsinthewild . . . . . ... .. ... .. oL 16
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Chapter 1 — Introduction

In this first chapter, I try to give a brief introduction to graphs, graph Machine Learning, and
Graph Neural Networks. As will often be the case in this manuscript, I will be quite straight-
to-the-point, with no attempt to be exhaustive whatsoever — each of these topics deserves an

entire book, and there are certainly many [35, 21].

1.1 Graph...

In this section, I introduce “graphs” and graph “data science”, with a few real-world examples.

I then describe some useful mathematical notions around graphs.

1.1.1 Graphs in the wild

Graphs are very general objects that appear in virtually every field of science. Each discipline
has its own conventions in terms of vocabulary, mathematical definition or informal description.
Loosely speaking, a graph is an object representing several elements (the nodes) with intercon-

nections between them (the edges).

In the real world, graphs are often conflated with the notion of network. One interesting point of
view [35] is to reserve the term “network” for the real-world, complex system under observation,
and to call “graph” the mathematical representation of it, among many possible representations
at different levels. In particular, a graph must often be constructed from a real-world network,

which generally requires experts in the respective field.

Every graph everywhere all at once. Since they can be used to describe any complex
system, the notion that “graphs are ubiquitous” has been repeated so often in introductory
sections of various works that it has become somewhat of an inside joke between researchers in
the field. That is not to say that it is not true! Interestingly, the (relatively) recent adoption
of Machine Learning (ML) by many scientific fields has resulted in a rapid gathering of graph
datasets from a large variety of domains, in open-access repositories such as the Open Graph
Benchmark [70] or the Pytorch Geometric library [52]. Crucially, having easy access to many
different graphs in one place offers novel insights into the differences and similarities of networks

across scientific fields, an aspect that might significantly gain in importance in the future.

Some examples. Let us now quickly mention a few example of graphs, particularly of graphs
that are common in modern data science, often due to data scientists’ biases concerning the
relative “importance” of their field of application, or simply due to the availability of popular

open-access datasets. See Fig. 1.1.
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Physical networks certainly represent the most immediate and early historical graphs: it is often
said that graph theory was born from Euler’s famous problem of the “Seven Bridges of Konigs-
berg”, which involve a small example of a road network. Nowadays, analyzing such networks is
useful e.g. for traffic control and prediction [74], time-of-arrival estimation, etc. Our day-to-day
life includes many other physical networks such as the electrical grid [64], computer networks
[122], urban sewer systems [158]... among many others. In these networks, the edges are obvious

since they represent physical connections.

Social networks [65, 71] modelling interactions between humans or other social entities have been
a central object in social science and the humanities for a long time, dating back to the early
20th century [139]. In general, the edges in a social network may be less obvious to observe: it
represents the “strength” of a connection or interaction, but interactions are limited in time, of

very different nature, and so on.

Nowadays, social networks are of course associated with the Internet, which certainly has been
the main source of popular graphs and datasets in recent data science [118]. The Internet is a
physical network of interconnected computers, but also contains a myriad of other networks:
connected webpages [107], forums [170]... by definition, connections between various entities on
the Internet are numerous, well-defined, and potentially easily accessible, hence their popularity

in data science.

Biological networks come from all fields of biology: gene-interaction networks [98, 106, 124]
represent their co-expressivity or their regulatory roles, protein-protein interaction networks
[138] represent the various ways in which proteins interact with each other, drug/drug interaction
network [70] represent the interactions between different drugs, and so on. In neuroscience,
the brain itself is often seen as a network [50], either between individual neurones or regions.
Generally, in biology, edges are never directly observed, and must be inferred from (very) indirect

and noisy measurements.

In chemistry, graphs have been extensively used to represent molecules [44, 58] as networks
of connected atomes, with very popular applications in the ML community such as molecular
properties prediction [58], drug discovery [25, 73|, protein interface prediction [53] or various

applications in material science [54].

Information networks have naturally become a central notion in the so-called information age. A
very general concept, they may represent any kind of link between “elements of information”. For
instance, knowledge graphs [72] represent relations between semantic elements with application
in linguistics and, naturally, artificial intelligence [105]. Citation networks [57], which represent
academic papers with citations between them, have a historical importance: since they come from

data that was readily available within the academic world itself, they have long been among the

17



Chapter 1 — Introduction

Figure 1.1 — Examples of visualization of graphs. From left to right: a network or Reddit posts from
https://github.com/wojciech-graj/reddit-graph, a network of Wikipedia pages, from https://
www . youtube. com/@adumb_codes, a network of protein associations, from [42].

most popular “large-scale” (at the time) open-access datasets. The famous triad “Cora, Citeseer,

Pubmed” datasets [163] remain the most basic benchmark in graph data science.

Of course, graphs and networks can be found in many other applications. Ecological networks
such as food web [24] are crucial to model complex relations in the natural world. Epidemiologi-
cal networks [69, 120] serve to study and anticipate the spread of diseases in a given population.
Physics, and particularly statistical physics, is rich with myriads of systems of interacting ele-
ments [132]. In combinatorial optimization [26], graphs help modelling complex, discrete relations

between variables... and so on and so on.

All these graphs exhibit many different characteristics. Personally, I consider that a better un-
derstanding of the common traits and differences of graphs coming from many different fields will
gain in importance in graph data science and graph ML. It goes without saying that molecules
with a few dozen nodes have little in common with internet graphs with millions of nodes. Gener-
ally, the former can be highly “structured”, with key discrete motifs formed by a few nodes, while
the latter is strongly “stochastic” in nature, and might be better analyzed at a macro scale. In
this manuscript, we will encounter various other characteristics of graphs (sparsity, homophily,

community structure...) that are sometimes more specific to different fields of applications.

1.1.2 Graphs: a few mathematical tools
Let us now turn to a few mathematical notions related to graphs.

A graph G is an abstract mathematical object formed by a finite, discrete set of nodes V', with
pairwise connections between them F C V x V', the edges. Additionally, nodes and edges can

be “decorated” with various quantities, features, labels, weights, and so on.

The most common representation of the structure of a graph with n nodes is through its adja-

cency matrix A € R"*", Given an ordering of the nodes from 1 to n, in its most classical

18


https://github.com/wojciech-graj/reddit-graph
https://www.youtube.com/@adumb_codes
https://www.youtube.com/@adumb_codes

1.1. Graph...

version the matrix A contains a 1 at position (7, j) whenever the edge (i,7) is in the graph, or

0 otherwise:

1 if (i,j) e F

0 otherwise
More generally, A can be a matrix in R"*™ that contains edge weights as scalars, in which case 0
(the absence of edge) is somewhat an arbitrarily chosen value. When A is symmetric, the graph
is said to be undirected, and directed otherwise. In this manuscript, we will mostly consider
undirected graphs, as symmetric matrices are infinitely more convenient to manipulate. The
degree of a node is the number of edges attached to it: d; = > ;| A;;. For directed graphs, one
may distinguish the in-degrees and the out-degrees by summing either the ith row or the ith

column of A, but these are equal for undirected graphs.

Graph signal and node features. A vector z € R™ associating a scalar to each node of
the graph will be called a graph signal®. More generally, a matrix Z € R"*% contains node
features of dimension d, as rows. Both terms are important in their respective literature, namely
Graph Signal Processing (GSP) [143, 41] and Graph ML [21], but node features are nothing else
than multi-dimensional graph signals and graph signals are uni-dimensional node features. Both
somewhat carry the same intuitions, if not the same set of terminologies (typically, graph signals

are filtered while node features are aggregated).

Graph Laplacian and filtering. DBesides A, several matrices play important roles in graph

processing [32]. The first one is without doubt the combinatorial Laplacian:
Leomp =D — A (1.2)

where D = D(A) = diag(Al,,) is the diagonal matrix of the degrees. The Laplacian is positive

semi-definite (p.s.d.), since for a graph signal z

2" Leomp? = Z (zi — 2;)? (1.3)
(i.j)eE
Interestingly, this means that this quantity measures the smoothness of a graph signal along the

edges of the graph.

Graph Laplacians come in different flavors. One issue of L., is that its eigenvalues are not

bounded with respect to the graph size n, hence most variants “normalize” the Laplacian to

1. we use z instead of the more classical z, which will be associated with latent variables in later chapters
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respect this property. The two most common variants are certainly
Loym =1d— D™ V2AD™Y2  [,,=1d- DA (1.4)

with the convention that D, 1 — 0 when? d; = 0. These are generally referred to as the symmetric
normalized Laplacian and random walk Laplacian, respectively. The matrix Ly, is symmetric
and has its eigenvalues in [0, 2] for all graphs. It is the variant most commmonly studied in GSP
[32]. The latter gets its name from the fact that D~!A4 is the transition matrix of a random walk
on the graph with equiprobability on all neighbors at each node. It is diagonalizable with the

same eigenvalues as Ly, when there is no isolated nodes, since Ly, = DY 2LsymD1/ 2,

In the field of GSP, the eigenvalues and eigenvectors of a graph Laplacian L (often Lgyy,) are
generally interpreted as Fourier frequencies and modes. Decomposing Ly, = UAU T the Fourier
transform and inverse Fourier transform are respectively the operations 2 = Uz and z = U3.

Filtering a signal if then done by applying a function to the frequencies:
zn = o(L)z = Up(AU 2 (1.5)

where h : R — R is applied element-wise to each diagonal coefficient \; of A, and we denote
(L) = Up(A)UT for simplicity. For instance, a low-pass filter can be obtained by p(A) = 1 <,
for some threshold 7. Note that U and A depend on the underlying graph G, but that a filter
( can be applied to any graph. This is crucial in ML, where one may want to learn some
operations on a training graph and apply them to another graph. Of course, one can already
see that normalized Laplacians are more appropriate for this, as the maximum range of their

eigenvalues (among other properties) do not depend on the graph.

Graph isomorphism. It is important to remember that, for a given graph, all the objects
above depend on a particular ordering of the nodes. For all intents and purposes, relabelling
the nodes results in the “same” graph. More precisely, two graphs which are re-ordering of each
other are said to be isomorphic: that is, two graphs represented by the adjacency matrices A

and A’ are isomorphic if there exists a permutation matrix? o € {0,1}"*" such that
A =cAo’". (1.6)

When the graphs are also equipped with node features Z, Z’, they are isomorphic when both
A' = 0Ac" and Z' = ¢Z for some o. In the rest of the manuscript, we will use a unique notation
0-A=cAc" and 0-Z = 0Z, and for a graph G = (A, Z), we define 0 - G = (0 - A,0 - 7).

2. although we will generally consider that there are no isolated node for simplicity
3. that is, a square binary matrix with exactly one 1 on each line and column, and 0 elsewhere
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Permutation-invariance is a central notion in graph theory, and a fortiori in GML. Indeed,
algorithms applied to graphs must not depend on a particular representation of them, that
is, they should be “consistent” with a re-labelling of the nodes. This is particularly crucial in
machine learning, where predictions are expected to be consistent on new graphs that were not

seen during training. We will discuss these notions in more details in the next section.

Notations. In the rest of the manuscript, a graph of size n will therefore be represented by
G = (A, Z) where A € R*™ is its symmetric weighted adjacency matrix, and Z € Z C R"*%
are node features of dimension d,. We denote by &,, = &,(Z) the set of all graphs of size n
with node features in Z, where the dependency on the set Z will generally be omitted, and
6B = Up>16, the set of all graphs. Remark that in this notation G and o - G exist as two
isomorphic representants of the “same” graph within &,,, that is, &,, does not contains classes

of equivalence or similar complex objects, but really only pairs of matrices (4, Z).

1.1.3 Random graphs and statistical graph models

In statistical learning, the data are generally assumed to be random, under various assumptions:
independently and identically distributed (i.i.d.) for “classical” data, Markovian dependence for
time series, and so on. We will refer to statistical models of graphs as random graphs®. They

will be key objects in this manuscript.

Random graphs is a field that dates back to the famous Erdoés-Rényi (ER) model [48], in which
each edges appears independently with the same probability p € (0,1). Although the ER model
is exceedingly simple and serves more to illustrate various concepts rather than as an actual
model for real-world data, it already showcases a quite stunning mathematical complexity, when
one lets the number of nodes go to infinity n — oo and the probability of connection depends
on it p = p,. The higher the p,, the more "connected" the graph, and one can then distinguish
several non-trivial regimes: from dense graphs p, = O(1) with O(n?) edges to sparse graphs
pn = O(1/n) with O(n) edges, and relatively sparse graphs in between. While these regimes
can be found in many graph models, for the ER model the description can be pushed a lot
further: for instance, for p, < (1 —¢)/n for any € > 0, all connected components in the graph
have size O(logn) with high probability. For p, > (1 + ¢)/n, there is a single “giant” connected
component with size O(n), all other components being of size O(logn), while for p,, = 1/n, there
is a component with size O(n?/3). For p, = O(logn/n) and above, the graph is connected with

high probability. The rate logn/n will be the limit above which our results will be valid.

While this mathematical richness has been instrumental in the developement of random graphs,

4. In some fields, the term “random graphs” only refers to the Erdés-Rényi model. Here we use it to indicate
any statistical models of graphs.
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the study of the ER model has remained somewhat theoretical in nature, being intuitively “too
simple” to model real data. Early on, researchers identified characteristics of real-world graphs
that could not be produced by ER graphs, such as the so-called power-law of the degrees (also
referred to as scale-free property), which gave rise to the Babarasi-Albert [9] (or “preferential
attachment”®) model. In modern graph data science, we often focus more on modelling other
phenomena that are intuitively related to the prediction problems of interest: relationship be-
tween node features/graph structure and node labels, smoothness of various “signals” (labels or
features) on the graph, and so on. For these purposes, a popular class of models is that of Latent
Position Models (LPM) [65], in which various latent mechanisms are used to generate the graph
structure. Typically, nodes are assumed to be equipped with unobserved latent variables, and for
each pair of nodes, an edge is present with a probability that depends on the latent variables of
the two nodes. This is a very general class of models that includes several models as particular
cases: the ER model (where the probability of edges do not depend on the latent variables),
but also the so-called Stochastic Block Models [66] (SBM, obtained with discrete latent vari-
ables that corresponds to community appartenance) that models communities of well-connected
nodes, random geometric graphs [121], graphons [92]... Beyond this, LPMs are very convenient
to incorporates additional observed quantities, e.g. node features or labels, and relate them to
the observed graph structure through use of the same set of unobserved latent variables. In fact,
as we will see in the next chapter it is possible to draw many connections between usual notions

in Machine Learning and LPMs.

In my research and this manuscript, I work exclusively with Latent Position Models (LPM)
[65]. They will be introduced in details in Chapter 2.

1.2 Graph... Machine Learning

Graph Machine Learning (Graph ML, or GML) is a relatively recent field, even for the standard
of ML. Historically, graph ML was very much influenced by the real-world tasks that data
scientists were trying to solve on graphs. For instance, many approaches were developed for the
problem of community detection [87]: that of grouping nodes in communities, generally in an
unsupervised manner (without training labels). One of the most popular algorithm is spectral

clustering [112].

It is only recently that graph ML has exploded, both in terms of number of applications, available
datasets from many different field of science [70, 52|, and variety of predictive tasks, in particular
supervised tasks. Supervised graph ML can be broadly divided in two classes of tasks: graph

tasks, in which one wants to predict a single quantity for the whole graph, and node tasks,

5. In this model, a graph is progressively grown by adding nodes, and a new node has a probability of connection
proportional to the degrees of the nodes already in the graph.
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1.2. Graph... Machine Learning

Graph task Node tasks
Training data ii.d. non-i.i.d.
Graph size n small high
Number of graphs N high small (even N =1)
Constraint flo-G)=f(G) | flo-G)=0c-f(G)

Table 1.1 — Summary of the main differences between graph tasks and node/edge tasks. Edge tasks are
for all intent and purposes similar to node tasks: non-iid data, a few large graphs, and permutation-
equivariant functions. This manuscript will focus on node tasks.

in which one wants to predict a quantity for each node of one or several graphs. Other tasks
such as edge prediction are close to node tasks in intuition. Although graph tasks and node
tasks are often treated as two sides of the same coin in the literature, in my point of view
they are fundamentally different, at almost every level, as I argue below. It is true that some
mathematical tools from graph theory will inevitably be found in both, and GNNs can treat
both with minimal structural adjustement (see next section), but otherwise they differ in all

intuitions, mathematical formalisms, and properties of typical graph datasets.

Besides the relative novelty of supervised prediction problems, modern graph ML also exhibits
other defining characteristic: for instance, the quasi-systematic presence of additional observed
data. Typically, node features are available with the graph structure, that is, additional char-
acteristics for each node of the graph. Historically, most methods focused on graph structure,

and in particular node features are not often found in theoretical analyses of graph algorithms.

In the next two subsections, we dive a bit deeper into the difference between graph tasks and

node tasks, and introduce several useful concepts along the way.

1.2.1 Graph tasks

In graph tasks, one wants to predict a single quantity y for an entire graph G: for instance, pre-
dicting various properties of molecules from their structure [58], classifying protein-association
networks in taxonomic groups [70], and so on. Typically, one has access to a training set of

labelled graphs (G1,41),...,(GN,yn), and aim to learn a prediction function f(G) = y.

Typical datasets for graph tasks contain rather small graphs of size n;, with a few hundreds
nodes at most, but potentially a very large number of graphs N. Intuitively, the higher the n;,
the more difficult the task, since the data is more “high-dimensional”, and the higher the N,

the easier the task, since it is the number of observed samples, as in “regular” ML.

Graph tasks are i.i.d. In many aspects, graph ML is very similar to regular supervised

ML: one has access to a training set of “independent” labelled examples, and wants to learn

6. Recall that here G refers to all quantities observed for one graph, typically graph structure and node features.
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a prediction function. Mathematically, it can even operates under the same hypotheses: the
samples (G;,y;) can be assumed to be drawn i.i.d. from a probability distribution over the set
of all graphs and labels. That is why the vast majority of (early) theoretical studies of graph
ML focused exclusively on graph tasks [56, 148]: many notions and statistical tools of regular

ML can be used and “just” need to be adapted to graphs.

Permutation invariance. That is not to say that graph tasks are “easy”. Indeed, traditional
notions of ML must be adapted to the highly irregular, discrete objects that are graphs. As we
outlined in the previous section, a central difficulty is linked to graph isomorphism, or the fact
that two graphs that are a re-ordering of each other are the “same” graph. For graph tasks,
prediction functions need to be permutation-invariant: for a permutation ¢ and graph G,

one must have

h(o - G) = h(G) (1.7)

Generally this permutation invariance will be hard-coded into the function under consideration:
as we will see, GNNs are by construction permutation-invariant. However the theoretical analysis
of such functions may be difficult: for instance, in ML a central notion is that of function
reqularity: intuitively, a problem is easy if the ideal (unknown) function transforming the input
into the output is “smooth”. Here expressing such “smoothness” of the prediction problem brings
forth the notion of permutation-invariant metrics over graphs, which are known to be a difficult
topic linked to graph isomorphism [14]. The salient properties of graph prediction tasks are

summarized in Tab. 1.1.

1.2.2 Node tasks

Node tasks are prediction problems over the nodes of one or several graphs. Arguably, for real-
world applications they are far more numerous than graph tasks [70, 125]: almost all examples
of graphs from the previous section are generally used to predict properties at the node level,
from inferring the preferences of users of a social network [156], to predicting the role of proteins
from their association network [181], predicting traffic in a road network [74], assessing the roles

of brain regions [50]...

Unlike graphs tasks, which are similar to traditional supervised ML with i.i.d. labelled data,
node tasks exist in several flavors: one may have access to training nodes within one or several
graphs, these graphs may not have their full set of nodes labelled, we may want to perform
prediction over several test nodes at once, these test nodes may be within the same partially

labelled graphs as the training nodes, or in new graphs... and so on.

For this reason, node tasks are often likened to Semi-Supervised Learning (SSL) [27, 147], a

paradigm in ML in which unlabelled data is available in addition to labelled data during training.
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1.2. Graph... Machine Learning

In SSL, the unlabelled data is ideally used to help the training when compared to using only
the labelled data, for instance by helping estimating the overall distribution [127]. In graph ML,
the term “SSL” just refers to the fact that unlabelled nodes may be found in the same graph as
the training ones — it is not clear whether increasing their quantity (having a large graph) helps

at all. In fact, one generally distinguishes two types of SSL in graph ML:

1. In Transductive SSL [2], the unlabelled nodes are already available at training time,
within the same graphs as the training nodes. The goal is then to “extend” the labels from
the training nodes to the unlabelled ones. In particular, it is not necessary to be able to

generalize to new graphs not seen during training.

2. In Inductive SSL [61], it is possible that new graphs with no labelled nodes are encoun-
tered at test time. The model must be able to generalize to these new graphs. In this

manuscript, we will mostly focus on the more general case of inductive SSL.

Datasets for node tasks are typically the opposite of that for graph tasks (see Tab. 1.1): the
graphs are generally large (high n), with thousands to millions of nodes, and few of them will
be considered (low N). In fact, one usually considers the case N = 1 of one large graph at
training or testing. More importantly, from a conceptual and theoretical point of view, the main
difference of node tasks compared to graph tasks is that nodes are not independent anymore,
since they are found in the same graph. So, one generally cannot rely on the classical ML i.i.d.
framework, upon which the majority of mathematical tools are built. New, specific notions are
needed, and this is still an active area of research, with many potential candidate solutions but

no consensus yet.

Permutation equivariance. Similarly to graph tasks, prediction functions for node tasks
must respect graph isomorphism. However here one does not talk of invariance: when the input
graph is permuted, the output must be permuted in the same way. Functions with this property

are called permutation-equivariant:
h(c-G)=0-h(QG) (1.8)

where here the output returns a label per node h(G) and o - h(G) refers to permutation of the
output. Again, such equivariance is almost always hard-coded into the models. In theoretical
analyses, depending on the case, equivariance may be “much” harder to handle than invariance
[NK11], or not [164, 133].

The main differences between graph tasks and node tasks are summarized in Tab. 1.1. I reiterate
that in my point of view, they are in a completely different realm, even if the mathematical tools
of graph theory are of course useful for both. This is also valid for the main properties of typical

datasets, and one must strive to perform analysis in relevant regimes: for instance, some works
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[104] study graph tasks in the large-graph regime (n — oo) and derive convergence rates when
N — oo as well: this is not realistic, as typical graphs for graph tasks are small, and there is

virtually no datasets where both n and N are large.

In my work and this manuscript, I generally focus on inductive node tasks on a single large
graph (n>1,N =1).

1.3 Graph Machine Learning... with Graph Neural Networks

Graph Neural Networks (GNNs) broadly refer to deep neural networks on graphs. They are
generally traced back to the work of Scarselli in 2009 [137, 136], while the work of Bruna and co-
authors [22] is concurrent to the first deep learning explosion in 2012/13. Another seminal work
is that of Kipf and Welling in 2017 [77], who coined the term “Graph Convolutional Networks ””
(GCN), which still as a baseline model in most experiments, and finally Gilmer et al. in 2017

[58], who coined the term “Message-Passing Neural Networks”.

Interestingly, if we loosely describe the most popular models of GNNs in chronological order,
they somewhat became simpler as time went on: from Spectral GNNs with any filters [22], to
the use of polynomial filters as in ChebNet [38], to Message-Passing GNNs [58], which is how
GNNs are generally described nowadays. We use this order to describe GNNs below. Of course,
in parallel, infinitely many variants of these models were proposed in the literature, with various

levels of complexity.

GNNs: main properties. At each layer, a GNN update node representations Z*) e R*d
using the graph structure, usually starting with the node features® Z(® = Z. These updates
must be permutation-equivariant: if the graph G becomes o - G, then the representation Z (k)

at each layer k must become o - Z(). Then, after L layers, the output of the GNN is:

{@(G) = 7)) e R4z for node tasks (1.9)

®(G) = F(ZP) e R for graph tasks, where F' is permutation-invariant

hence, ®(G) is indeed permutation-equivariant and ®(G) is permutation-invariant. The function
F', sometimes referred to as pooling, is generally a simple global average of the node representa-
tions or a coordinate-wise maximum. As mentioned before, in this manuscript we will focus on

node tasks, and therefore .

7. although we will see that this term is discutable: GCNs do not really perform convolutions, but rather, in
the modern terminology, Message-Passing
8. or handcrafted Positional Encodings, see Sec. 1.3.3.3.
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1.3.1 Spectral GNNs

The first models of GNNs [22] were based on the idea of adapting Convolutional Neural Networks
(CNNs) [82] from traditional signals like images and sounds to the irregular geometry of graphs.
A deep CNN iteratively modifies a signal by stacking layers that use three main ingredients:

1. a convolution operation, the main ingredient of CNNs from which they get their name.
This is a linear, localized transform. This is generally done through the use of small con-
volution kernels whose values are learned during training.

2. a non-linear activation function applied element-wise, necessary to obtain a non-linear
model. This is usually a very simple function, such as ReLU p(z) = max(0, x).

3. finally, a pooling? operation, which is akin to a downsampling of the signal (e.g. with
local averages or maximum), and intuitively allows to obtain “hierarchical” representations

of the signal.

Bruna and co-authors [22] aimed to adapt these operations on signals on graphs. The activation
function is not a problem and left as is. The pooling operation is difficult on graphs: it roughly
corresponds to a hierarchical “coarsening” of the graph. This is a difficult problem, for which
there is no real consensus on the best way to proceed, and is still an active area of research
[108, 60]. In modern introductions to GNNs, pooling is generally skipped, and we will not talk

about it in this manuscript.

The main ingredient of “Spectral” GNNs is therefore the convolution. Unlike images, it can
be quite difficult to define a purely-spatial convolution operation on graphs (although there
has been work on this [44]), and Bruna et al. [22] use graph Fourier filtering, which we briefly

introduced in the previous section.

Given a graph-matrix S = S(A) (such that S(o - A) = o - s(A), such as a graph Laplacian)
that can be diagonalized, at each layer the node representations are updated with a collection
of filters 10 h; ;1 (S): for 1 < i < dy, the columns of Z®) are updated as

di—1

Z:(,];) = Pk Z soi,j,k(S)Z:gl;*l) + lnbl(-k) e R"” (1.10)
j=1

where py, is the activation function at layer k, and b(*) € R9% is a bias term. Note that to respect
permutation-equivariance, the same bias b must be added to each node. The filters ¢; ;. are

generally parametric functions !', whose parameters are learned along with the biases. One can

9. that uses the same name as the final pooling F to go from ® to ®, but refers to a very different concept
10. where we recall that in h(S), h: R — R is a function applied to the eigenvalues of S
11. In the original paper [22], the authors even propose to directly learn n diagonal coefficients Udiag(0)U "
instead of a function . However, this type of filter cannot be transferred from graph to graph, they are specific
to a particular graph. On the contrary, a filtering function can be applied to any set of frequencies, and therefore
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easily check with a simple recursion that these node representations are indeed permutation-

equivariant: since p(S(o-A)) =0 - p(S(A)), we have
p(S(o-A))o-Z =0p(S(A))o'0Z = 0p(S(A))Z = 0 - [p(S(A))Z]

so the filtering operation is permutation-equivariant.

Spectral GNNNs with polynomial filters. In GSP, it is known that general filters are costly
to compute, since they require to diagonalize the matrix S. This is in general in O(n?), and
therefore unreachable for medium-to-large graphs. A solution was proposed slightly before the
first introduction of GNNs by Hammond et al. [62]: using polynomial filters p()\) = ij\io BNt
for some order M. Since polynomes can uniformly approximate any function on a compact
interval, if the eigenvalues of S are bounded — typically, for the normalized Laplacian Ly,
where A € [0,2] for any graph; any filter can be approximated by a polynomial filter with M
high enough.

The key property of polynomial filters is that we have

M
p(S) = BeS".
=0

That is, there is no need to diagonalize S, but only to compute its powers. Even more efficiently,
the filtering of a signal z can be done by only performing recursive matrix-vector multiplications
2 < Sz to compute Sz, that is, there is no need to explicitely compute and store S*. Indeed,
for sparse matrices S (i.e. that have a lot of 0’s), matrix-vector multiplication is very efficient,
as it costs O(nnz(S)) where nnz(S) is the number of non-zero entries in S. Graph matrices
are usually sparse, with nnz(S) ~ |E| the number of edges in the graph, and |E| = O(n)
for so-called sparse graphs. Computing the whole filtering operation is therefore in O(M|E|) =
O(Mn), which is generally insignificant compared to the original O(n3)! Historically, the authors
in [62] propose to use Chebyshev approzimation to efficiently compute recursively the desired

polynomial approximations, hence the first architecture to use polynomial filters was coined

ChebNet in [38].

Interestingly, polynomial filters are also localized: if we take S as the graph adjacency or Lapla-
cian, the filtering of a signal z at node ¢ only depends on the values of z at nodes that are at
most M-hops away from i (we say that each power of S extends the receptive field by one hop).
Thus, we find again a property of CNNs — where convolution kernels are localized — that was

lost for general Spectral GNNs.

any graph.
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1.3.2 Message-Passing GNNs

In parallel to these GSP-inspired approaches, researchers have built GNNs by iteratively passing
messages along the edges of the graph [58], similar to message-passing (MP) algorithms such as
the classical Belief Propagation algorithm, used in many fields including chemistry and statistical
physics. Within such a Message-Passing GNN (MPGNN '2), at each layer, for each node, the
representation is updated by using that of its neighbors. In its most general form, for 1 <i < n
the rows of Z®) are updated as

289 =266 (247 { (5025} ) (1.11)
where N (7) is the neighborhood of node i, and AGGy is an aggregation function that takes
as input the representation of the node at the previous layer, and the set of representations
of the neighbors along with potential values s;; of a graph representation matrix S. The key

(k—=1)

property of this function is that it considers the neighbors’ representations {(s;;, Z;. ) }jen)

as a set'3, such that its value is invariant by reordering of the neighbors. Consequently, it is

5

easy to see that the whole MP process is globally permutation-equivariant.
Remark 1.1. Note that Spectral GNNs (1.10) update graph signals at each dimension (the
columns of Z ), while MPGNN (1.11) update each node representation (the rows of Z ).

There are many examples of aggregation functions and message-passing schemes. We will de-
scribe several of them in detail in Chapter 3. Most of them belong to the general class of “sum”
aggregations, that is, they perform a weighted sum over the neighbors. This is generally followed

by linear weights and a non-linear activation function.

78 = p (eg“”zz.{’f‘” + 6" ( 3 s,-jz§ff‘1)) +b(k)) € R% (1.12)
JEN(3)

for weights ng) and bias b*) | and coefficients si;. In this case, the message-passing can be written

in a matrix form as:
Z®) = oy (Z(’H)eg’“) + S70=Dp) 4 lnb(’“)T> € R4k (1.13)

We will call such models S-MPGNNSs, or simply S-GNNs. They form the majority of the
popular architectures: GCN [77], GIN [160], etc.

Some aggregation schemes depart from S-GNNs. The most common is probably attention-based

12. as mentioned before, nowadays the term “GNN” implicitely refer to MPGNN, and in the rest of the
manuscript when we do not explicitely write otherwise this will be the case
13. technically, this is a multiset, as we authorize doublons. The important part is the permutation-invariance.
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Spectral GNN

Polynomial filters
S-aggregation
(ChebNet, GCN, GIN...)

General aggregation
(GAT, Max-agg...)

General filters
(rare: early GNNs)

Figure 1.2

models such as GAT [151], where the s;; are replaced by coefficients cz(f) that are allowed to
depend on the previous layer’s node representations at each end of the edge, that represent

attentional weights along the edges. We will give several examples in Chapter 3.

Polynomial filters and S-MPGNNs. While Spectral GNNs and MPGNNs are often pre-
sented separately as different architectures (mostly due to their historical origines), interestingly,
the most popular models of these two architectures are actually the same models! Namely: S-
MPGNNSs (1.13) are actually Spectral GNNs with polynomial filters (in S) of order M = 1; and
conversely, polynomial filters of higher (finite) order can be implemented as S-MPGNNs with
layers that have pr = Id as activation function for some layers (more precisely, stacking M layers
with pr = Id can implement any polynomial of order M, followed by one layer with general pg
to exactly obtain the desired Spectral GNN). This overlap is visualized in Fig. 1.2. While this
architecture (1.13) is by far the most common, both for MPGNNs and Spectral GNNs, there are
still models that fall outside of it: for Spectral GNNs, that would be general (non-polynomial)
filters, which are hardly used in practice, as being too costly, but may retain a theoretical in-
terest. For MPGNNs however, other sum-aggregation schemes such as attention-based GAT are

indeed used in practice.

In the rest of the manuscript, I will focus on S-GNNs, except briefly at the end of Chapter
8 where I will mention some other examples of MPGNNs. Unless otherwise mentioned, the
term GNN will be used for MPGNN.

1.3.3 Discussion

Of course there are many more aspects to GNNs, but the underlying, fundamental landscape
is not far from the simple picture that I have drawn in the section above. Here I discuss a few
topics that will help the interested reader get a better grasp of the literature around GNNs, and

point out to a few references. Of course, this is strongly biased towards my personal interest.
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1.3.3.1 Pros and cons of GNNs

(Some) advantages of GNNs. Compared to other models, and earlier methods on graphs,
the main advantage of GNNs is without doubt their flexibility. While earlier methods were
taylored for specific problems or specific graphs, GNNs can be adapted to virtually any task with
little architecture change: going from node task to graph task only requires a final aggregation F,
edge prediction can be performed by using pairwise node representations [135], and so on. More
importantly, the architecture of the GNN does not depend on the underlying graph structure,
such that GNNs trained on one graph can be directly applied to another graph (whose node
features have the same dimension) with the same set of parameters. Whether this “transfer” is

successful is of course another matter, and the topic of this entire manuscript.

Regarding MPGNNs, one of their main advantages, and a major reason why they dominate
the current landscape despite the existence of more sophisticated variants, is their very light
computational cost. Indeed, one round of message-passing scales linearly in the number of edges
O(|E]), which tends to be of the order of O(n) since real-world graphs are often sparse. Moreover,
message-passing can be implemented efficiently by representing the graph as a “list of edges”,
and avoiding cumbersome matrix representations or sparse matrix representations, which always
incur a complex gestion of efficient matrix-vector multiplication. Unsurprinsingly, lists of edges

are the default representation of graphs in the popular PyTorch Geometric library [52].

(Some) limitations of GNNs. While MPGNNs remain the most popular class of GNNs by

far, their relative simplicity do lead to limitations, among which we can non-exhaustively cite:

— Homophily vs heterophily, which respectively refers to the fact that connected nodes tend
to have similar (resp. dissimilar) node labels or features. MPGNNs are generally thought to
be more appropriate for homophilic graphs [96, 93, 177], as message-passing tends to make
connected nodes have similar representations. Dealing with heterophilic graphs is an active
area of research, with many proposed solutions [180, 176] but no clear consensus.

— Oversmoothing, which refers to an intuitive phenomenon that was observed quite early
[85, 131]. Loosely speaking, each rounds of message-passing tends to “smooth” the node
representations, e.g. by performing some kind of sum or averaging (1.12). Hence, for very
deep GNNs, the node representations may become indistinguishable, which makes node tasks
difficult to perform. This prevents vanilla MPGNNs from being too deep. On the other hand,
shallow GNNs are subject to underreaching, where nodes that are distant from more than
the number of layers do not interact with each other at all in the computation of their
respective representations. Common fixes to oversmoothing includes various levels of skip

connections [86] or normalization [175].

I made several contributions on oversmoothing [NK9, NK10], see Chapter 4.

31



Chapter 1 — Introduction

— Oversquashing and information bottleneck. Different terms are used to describe
several phenomena related to the representation and propagation of “information” in
MPGNNSs. Oversquashing [1] generally refers to the fact that, as the number of layers
grows, the amount of information that needs to be contained in a node representation
“grows exponentially”, since this is generally the case of the receptive field, i.e. the number
of nodes affecting the representation (the neighbors, then the neighbors’ neighbors, and so
on). Researchers argue that this is generally problematic, as node representations have a
fixed dimensionality, generally independent of the underlying graph: this large amount of

information is “squashed” into a single vector.

Related to this, various “information bottlenecks” have been discussed in the literature,
mostly related to the propagation of information between two distant nodes, which can be
problematic if the graph has a “bottleneck” of low-connectedness area. All these phenomena
have been characterized using various notions to describe the information flow in the graph,

such as curvature, effective resistance, and so on [145, 16].

All the phenomena above roughly underline the facts that MPGNNs have trouble with dealing
with high frequency signals, since they tend to smooth out node representations, and with
long-range dependencies, since they only communicate locally. Many layers are required for
long-range communications, which results in a host of different problems. To summarize, GNNs
need to be deep to handle underreaching and long-range communication, but they cannot be too
deep due to oversmoothing and oversquashing. Many MPGNN variants have been proposed in

the literature to address these issues, but there is no clear consensus on a single best architecture.

Expressivity of MPGNNs. In addition to these rather informal observations, a very large
number of early theoretical studies of MPGNNs have seeked to formally characterize the “ex-
pressivity” of MPGNNSs, that is, roughly “what they can compute”. It has been known since the
80s that simple NNs such as the fully-connected Multi-Layer Perceptrons (MLP) are universal
[68, 36, 123], in the sense that they can approximate any (continuous) function. For GNNs; it
was quickly realized that the permutation-invariance/equivariance constraint would likely pre-
vent such universality for GNNs: indeed, universality would imply solving the graph isomorphism
(GI) problem (and is in fact more or less equivalent to it [30]), that is, the problem of deciding
if two graphs are permutation of each other, a major combinatorial problem in graph theory .
Since algorithms such as the so-called Weisfeiler-Lehman (WL) algorithm [157] are well-known
approximate GI solvers in graph theory, and use some message-passing mechanism, the seminal
study by Xu et al. [161] showed that MPGNNSs were at most as powerful as the WL algorithm for

14. Interestingly, no polynomial algorithm is known for the GI problem, but it is also not proven to be NP-
complete. Some authors argue that GI might represent a complexity classe of its own strictly in-between P and
3
NP (if they are different!). The best known algorithm is quasi-polynomial, in O(QO(log 2 ) [5, 63].
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the GI problem (and could be made to be exactly as powerful). This was a first characterization
of their “expressivity”: it is known that the WL algorithm sometimes returns false positives, but

that these failure cases can be studied [43].

Of course, the GI problem is a discrete, true-or-false problem that may have little to do with
“real” prediction problems. Many works have since introduced “softer” notions of expressivity
for GNNs [111, 23, 171, 126]. This is still an active area of research.

As described in Chapter 8, in my work I characterize some approzimation power of GNNs
in the large-graph limit instead [NK15, NK18, NK2/, which allows to circumvent a lot of

the combinatorial difficulties.

1.3.3.2 A few other variants

Some GNN architectures do depart from traditional MPGNNs or Spectral GNNs, but they are

far less common in practice.

For instance, some models process (bags of) subgraphs [15, 8], mimicking the historical “graphlet
kernel” [142]. They lead to flexible, efficient models but add a layer of dependency on the manner

in which the subgraphs are extracted, and may have limited expressivity for large graphs.

Several models employ variants of “high-order” message-passing scheme or representation of the
graph. It can be projected to high-order tensors in an equivariant way [100], which leads to more
powerful models [101, 99]. It is also possible to augment the message-passing scheme in various
manners: for instance by considering higher-order structures in the graph [110], or by adding an
extra “node-dimension” at various stages and pooling it later on in a permutation-invariant way
[154]. However, all these models are generally (far) more costly than traditional MPGNNs since

they are not linear in the number of edges, and are quite rare in practice.

In [NK11] we show that high-order tensors lead to true universality for equivariant models.

This contribution is not described in this manuscript.

Another class of models seeks to modify the underlying graph to promote desirable implicit
biases: counteract oversmoothing or oversquashing [51], reduce heterophily, adjust the sparsity
of the graph one way or another, and so on. This is a simplified instance of graph learning, a
difficult problem: when done naively it is quadratic in the number of nodes, and moreover there
is a trade-off to how much the graph must be modified, since it is supposed to contain useful
information. This can be done by graph rewiring [10] or sparsifying [128], often to optimize some

notions such as curvature [51, 145] or effective resistance [16].

Finally, some architectures reintroduce the use of pooling [165, 108, 55, 60], as was done in

CNNs. This bears links with graph coarsening [91]. As we mentioned, this is a difficult problem
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for graphs that requires delicate hyperparameter tuning, algorithmic choices, may incur stability
issues, lead to degenerate graphs, and so on. However the hierarchical decomposition brought
by pooling may have several advantages: it allows for long-range message-passing while avoiding
oversmoothing and oversquashing, as well as lead to computational efficiency both in time and

memory footprint.

Graph coarsening and its guarantees in Machine Learning are the topic of the thesis of A.
Joly [NK6, NK7|, co-supervised with A. Roumy. These contributions are not described in

this manuscript.

1.3.3.3 On node features

One important feature of GNN is that they require node features Z(©) as input. In the absence
of such features, with only the graph structure available, various strategies can be deployed,
but it is generally admitted to be a rather problematic situation, as node features can serve to

“disentangle” a lot of the symmetries '® of the graph.

The simplest, and most often used, strategy is to simply input constant node features [NK15].
After a few layers, the node representations contains information about the graph structure:
for instance, after one layer of S-MPGNN where S = A the adjacency matrix, the node rep-
resentations are the degrees. This strategy can however significantly worsen the oversmooth-
ing phenomenon. To address this, another simple strategy is to input random node features
[134], to the price of adding randomness to the output and technically not respect permutation-
invariance/equivariance (but only “in expectation”). Some theoretical works do entirely break
the permutation-invariance/equivariance by using unique node identifiers [90], but they cannot

be implemented to generalize to new graphs, and are not used in practice.

In the absence of a perfect solution, a general methodology is to handcraft node features, often re-
ferred to as Positional Encodings (PE) [45, 17] (inspired by the vocabulary of Transformers [149]),
since they are supposed to identify the “position” of the node in the graph and disentangle some
symmetries. Note that: a) they must still be permutation-equivariant, and thus technically bear
little ressemblance to the PEs in Transformers, and b) they are often inspired by well-tested,
historical algorithms on graphs (whose results are then fed as inputs to GNNs). For instance,
some PEs in the literature are based on eigenvectors of the adjacency matrix or Laplacian of the
graph [45, 46] (with recent variants to handle the sign/basis indeterminancy [89]), random-walks
[46], node metrics [166, 88], or subgraphs [19]. Interestingly, some of these have been shown to
lead to overall architectures with an expressive power beyond WL [88, 19, 89|, without changing

the subsequent MP process. As it is, the community somewhat admits that PEs are not an ideal

15. so-called auto-morphisms, that is, permutations that leave the graph unchanged.
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solution, as it is a “hybridization” of deep and non-deep methods that may be discutable. For
instance, MPGNNSs are precisely used for computational efficiency compared to spectral meth-
ods, and computing the eigenvectors of the Laplacian as PEs negates this. Moreover, it is clear
that eigenvectors already contain a lot of information, which is probably redundant with a lot

of operations performed within the relatively simple MP scheme.

I have worked on PEs in the context of random graphs [NK13], see Chapter 3.

1.4 Conclusion and discussion

I finish this chapter with a few remarks on GNNs and GML in general.

One architecture to rule them all? 1In the last few decades, graph ML and GNNs have gone
from niche subfields to primary citizens in ML and deep learning. GNNs are applied to everything
everywhere 16, thanks to their limitless flexibility and hard-coded invariances. However, that is
also their curse: by being “too general”, they are sometimes not adaptive to the specificity of
the data for a particular application. Balancing between generality and specialization is without

doubt one of the great challenges to advance the field.

Is it even feasible? It is possible that treating all graphs as a unified type of data might be
an exercise in futility: one might argue that, from one scientific field to another, graphs are as
profoundly different as images are from, say, financial data, despite both being vectorial data.
For instance, some graphs are highly structured (e.g. the vanilla Ising model in statistical physics
is a lattice), while others admit no kind of structure at all (e.g. a social network). By default, a

unified GNN applicable to all cases will not exploit the additional structure of the former.

That being said, it is true that the recent history of deep learning mitigates this impression:
DL has seen the birth of seemingly all-powerful tools, that can more or less process any kind of
data with enough training samples and time. With minimal adaptation, Convolutional Neural
Networks (CNN) and other NNs have become the de facto state-of-the-art models for many kind
of data, even where they were not expected to. This has been partly true for GNNs, but arguably
in a less stellar manner. There is still much debate and research around the “universality” of
current GNNs [11] (in the informal sense of the term), and whether we should return to more
specialized models for different graphs. Nevertheless, until now “blindly” applying GNNs to all

graphs, for good or for worse, has been rich in insights.

Do we need graphs? To finish, I should mention that researchers in GML, and graph data

science in general, may tend to “have a hammer” and “consider that everything is a proverbial

16. all at once
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nail”. In particular, the graph representation itself is rarely questioned: it is virtually always
possible to build a graph to represent some data, but is it relevant? On a related note, the
processus of building the graph is crucial, but rarely integrated within data science pipelines.
For instance, in neuroscience, researchers typically use correlations between EEG signals to build
a graph of connected brain regions [81], but depending on the downstream task to solve, might

it not be better to “directly” process the EEG data? Is the intermediate graph really useful?

As a theoretician, my own contributions and considerations tend to remain quite far from
these discussions: I am given a graph that experts in the field worked really hard to produce,

I process it without questioning its provenance.

But I am still conscious that such questions are crucial, especially since my own work include
the use of statistical models. Ideally, such models should reflect the interesting aspects of real
data, and therefore include mechanisms flexible enough to accommodate for graphs coming
from many different fields. As of now, I still consider that the adaptivity of random graph
models remains an outstanding open question, that will be discussed more in the Conclusion

of this manuscript.
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Summary

This chapter introduces a general mathematical framework for node prediction tasks,

staying as close as possible to classical ML.

— Following a large-graph approach, we introduce the class of prediction function whose
expected risk converges when the graph grows. We then decompose the excess risk
in three terms, instead of two as in classical ML, with an additional “transferability
error”.

— On Latent Position Models (LPMs), functions on graph may converge to functions on
the space of latent variables. We call this notion 3-convergence.

— Using B-convergence, we draw formal links between Graph ML and regular ML. We
describe general methodologies to bound all terms in the excess risk decomposition,

and bound the generalization error of node-prediction models on large random graphs.

As the time of the writing of this manuscript, the material in this chapter is mostly new

and unpublished. Sec. 2.4.4 was done in collaboration with Y. Viegas during his internship.

In the previous chapter, we have informally described how node prediction tasks escaped the
classical “i.i.d.” framework of machine learning. In this chapter, we introduce the mathematical
tools to understand this notion, and see how to adapt classical tools for GML on random graphs.
In particular, Latent Position Models (LPMs) will allow to draw strong links between ML and
node-level GML. The chapter is decomposed as follows:

— In Sec. 2.1, T introduce some basic definitions of “regular” Machine Learning: Empirical
Risk Minimization, excess risk decomposition, generalization error, and so on.

— In Sec. 2.2, I adapt this framework to node prediction tasks on random graphs, with a
focus on the large graph limit. I thus revisit several definitions and introduce a novel excess
risk decomposition.

— In Sec. 2.3, I introduce in more details Latent Position Models.

— In Sec. 2.4, 1 revisit the framework of Sec. 2.2 for LPMs. Through the novel notion of
“P-convergence”, I show how a large class of GML models can be related to traditional
ML, through functions on the latent space of the LPM. I give some general methodologies

to bound the generalization error, including a generic covering numbers approach.

Note that this chapter will involve a fair amount of mathematical notations. The most important
are gathered in the Table at the beginning of the manuscript. All technical proofs are gathered
in the Appendix of the chapter.

Notations. The norm ||| = |||, is the Euclidean norm for vectors, and more generally |[v||, =

( ivg)l/q-
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2.1 Statistical Machine Learning: a crash course

There are uncountably many good books on ML [140, 109, 173, 7]. Here, following the spirit
of this manuscript, I will give a straight-to-the-point, simple crash course, that will voluntarily
ignore a fair amount of important material. In particular, I will focus on a simple, mathematical
presentation of supervised ML focusing on its statistical aspect, leaving asides most of the al-
gorithmic aspect that constitutes the day-to-day life for ML practitioners. I am mostly inspired

by F. Bach’s excellent book [7], which has become my go-to reference on the topic.

In supervised ML, the goal is to predict a value y € ) from an observed quantity € X. One often
distinguishes two main classes of problems: classification, where y is categorical, and regression,
where y is continuous. Classification is generally modelled by adopting Y = {1,...,C}, with
a large part of the literature studying C' = 2 as a representative case. Regression is simply
modelled with ) C RP, again emphasizing p = 1 as a representative case. In this manuscript,
the observation z will always be a vector in X € R?, and X will generally be compact. We will

call z a sample, while y will always be called a label (even in the regression case).

The vast majority of ML models can be modelled as prediction functions f : X — J; although
this view, especially in graph ML, can be challenged. It can sometimes be convenient to consider
functions f that yield an output in a different set Y instead of directly ). The typical example
is multiclass classification, for which one may output a set of probabilities of belonging to each
class instead, that is, Y C Rg. A simple maximization over the coordinates then yields a single
class in Y if desired. We denote by Fu;; = Y the set of all functions from X to Y.

Generalization and iid assumption. To train ML models, one observes pairs of labelled
examples (z1,91), ..., (Tn, yn) called the training set. The goal is then to exploit this information
such that, when a new sample x is observed, one can predict the corresponding y. This notion
is loosely called generalization, that is, the capacity to “generalize” from training data to new,
unseen data. Generalization can only happen if some sort relationship exists between the training
set and new samples observed in the future. In statistical ML, one therefore assumes that (z,y)

are drawn from a joint probability distribution over X x Y:
(z,y) ~ Ppy € P(X x ) (2.1)

where P(Z) represents the set of all probability distributions over some set Z. In terms of
intuition, the important object is naturally the conditional distribution P(y|x), which if known

allows us to perform optimal prediction!. Then, the training set is assumed to be formed of

1. namely, it allows to compute the so-called Bayes predictor, see next section
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independently and identically distributed (i.i.d.) examples:

(1, yi) % Py (2.2)
The i.i.d. assumption (especially the “independent” part) is absolutely crucial to all of ML
mathematics, and often represent the most basic of assumptions, except in specific applications
(e.g., times series). In graph ML, for node-tasks, this modelling may be challenged, as nodes
are naturally linked. This explains why a large part of the graph ML literature focus on graph
tasks [56, 103].

Loss function. To measure the quality of a prediction §§ € Y against a label y € ), one uses a
loss function £ :Y x Y — R,: the higher the loss, the worse the prediction. The loss function is
not necessarily symmetric, and by convention we will adopt £(f(z),y), i.e. the prediction as the
first argument and label as second. In general, it will often be convenient to have a loss that is
Lipschitz with respect to the first coordinate. Our two running examples will be the following.
Example 11 (Classification). For classification, the labels are discrete Y = {1,...,C}. Gener-
ally, it is more convenient to allow prediction models to have continuous outputs in Y = R,
and perform a mazimization afterward. One popular loss in deep learning is then the so-called
Categorical Cross-Entropy (CCE):

. ey
((9,y) = —log (W) (2.3)
That is, the vector €Y is normalized to summing to one to represent probabilities of belonging
to each class, then its yth coordinate is passed through a logarithm to follow the so-called log-
likelthood methodology. By an easy computation, this loss is 1-Lipschitz in its first argument with
respect to ||-||, on RC.

Example 12 (Regression). For regression, the labels y can be any vector in a domain Y C
R% that is typically bounded. The outputs are in Y = R% (we may remove the boundedness
assumption for convenience, even if most prediction functions will naturally be bounded). The

loss is the square loss:
(9:y) = 19—yl (2.4)

Technically, this loss is not Lipschitz unless we assume 4 to live in a bounded domain as well.

But we will often treat it as a particular case, since many computations simplify in this case.

Overall, we will assume the following on the loss, treating the square loss as a special case since
it is not Lipschitz.

Assumption 2.1. The loss function ¢ is either:
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1. Ly-Lipschitz in its first argument w.r.t. some metric dy

Vi, g €Y,y e, U@ y) — U7 y)| < Ledy (9, 9)

or

2. it is the square loss (2.4) and Y is bounded by ||y|| < Dy. In this case we take dy as the

Euclidean norm on R%.

Expected risk. To measure the quality of a prediction function f, one uses the expected risk?

The ultimate goal of ML is therefore to find a prediction function f* that minimizes the expected
risk

[* € argmin R(f) (2.6)
J€Fan

Remark 2.1 (Bayes predictor). An optimal function f* is known as a Bayes predictor. Note
that it may not always exist: e.q. for classification with the CCE loss, it is well-known that

optimal solutions may be unbounded. However we may always compute the optimal risk:

R'= inf R(f) = E, inf E,j.f(5,0) (2.7)
where B, is the conditional expectation of y w.r.t. z, see [7, Prop 2.1]. When f* exists, it is
equal to
/(@) € argmin By, (3, y) (2.8)
geY

For simplicity, we will generally implicitely assume the existence of all the argmins in this

manuscript.

Naturally, it is generally not possible to exactly compute f* in practice. Given an estimator f ,
the difference
R(f)=R* >0 (2.9)

is called the excess risk. Deriving estimators from the training set with minimal excess risk is the
main goal of ML. In computing f instead of f*, there are two (main) levels of approximation: first,
it is not possible to computationally manipulate “all” functions in Fy;;, but rather a convenient

class F C Fqy, and second, one has only access to the training set and not the true P,.

2. or population risk... among other names
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Function space. Concerning the first level of approximation, in practice, the user must choose
a set F C JF,y of potential prediction functions that can be implemented on a computer, which
can be parametric F = Fo = {fp | 0 € O}, in which case the learning corresponds to selecting a
good parameter 6 € O, or non-parametric. For instance, neural networks are typical parametric
models, while the so-called Nadaraya-Watson estimator, which predicts a label by averaging the
labels of the closest samples in the training set, is non-parametric. The choice of F is a core
aspect of ML practice and theory, taking into account many trade-offs and expert knowledge,
about the nature of the data, computational complexity, the quantity of training data, and so
on. Thus, a first level of approximation of f* is to define fr as the best function?® within the
class F:

fr € argmin R(f). (2.10)
feF

Empirical Risk Minimization. The second level of approximation comes from dealing with a
finite quantity of data. The vast majority of ML methods follow an approach known as Empirical
Risk Minimization (ERM), in which the expected risk (2.5) is naturally replaced by the so-called

empirical risk:

> U f (i), i) (2.11)
Empirical Risk Minimization then seeks to solve

f € argmin R(f) (2.12)
feF

Intuitively, the excess risk of f will be small if the empirical risk is a good approximation of
the true risk. One thus begins to see the importance of the i.i.d. assumption: the empirical risk
is an average of i.i.d. random variables, which will naturally “converge” toward its expectation
— the true risk — when n grows, a fact that has been studied for centuries*. Many statistical
tools are available to characterize this convergence, from Central Limit Theorems to advanced
concentration inequalities. An subtle but crucial feature of the desired convergence here is that

it must be uniform over the set F, since we are minimizing over it. See more details below.

Error decomposition. Given the successive levels of approximation above, one can decom-

pose the excess risk into an estimation error and an approximation error: :

R(f) = R* =R(f) - R(fr)+ R(fr)—R* (2.13)

estimation error approximation error

3. again, this assumes the existence of such a minimum
4. Bernoulli’s first proved the Law of Large Numbers in 1713.
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The estimation error materializes the fact that the true risk is unknown, and one has to learn
over the training set instead. The approximation error evaluates how much functions in F
can approximate the ideal function f*. As f € F, it is immediate to see that both terms are
nonnegative. Sometimes, one may add an optimization error, which expresses the fact that the
optimization problem (2.12) may be only approximately solved up to some precision. Although
it is of course crucial, we will generally not consider it in this manuscript.

Remark 2.2 (Bias variance). The decomposition (2.13) loosely corresponds to a bias-variance
decomposition: the approximation error is a “bias” from the true target f* to some deterministic
function fr that only depends on F, while the estimation error is a “variance” that encompasses
the randomness of the training set. Informally, the “simpler” the set F is (e.g., smoother func-
tions, smaller parametric space, and so on), the higher the bias and smaller the variance: fr
s a worse approrimation of f*, but it is easier to estimate from the training set. The variance

also decreases when more training examples n are available, as the true risk is better estimated.

Bounding the approximation error. Handling the approximation error is more case-specific
than the estimation error (see below). It highly depends on the problem at hand, the choice of
ML models F, and various assumptions on the target function f*. Some models are said to be
universal, in the sense that they can approximate any function in some class: for instance, it
is well-known that neural networks are universal among continuous functions [36, 68]. In this
case the approximation error may vanish, generally when we let some quantity grow unbounded
(the dimensions of the neural net, the norm of the weights, etc.). For instance, one may define
models with bounded parameters FI = {5 | Q(0) < R}, such that € controls various quantities
related to the parameters 6. Then, universality means that the approximation error vanishes
when R — oo. Ideally, one would obtain approximation rates, that is, at which speed the
approximation error decreases with respect to R, however this a complex topic in which only

partial results are known and many open questions remain.

Bounding the estimation error. Unlike the approximation error, the estimation error may

be studied in a more systematic way. Most analyses start with the following bound:

R(f) = R(fr) = R(f) — R(f) + R(f) = R(fr) +R(fF) — R(fF)
—_—

<0

R(f) = R(f)| (2.14)

< 2sup
feF

Thus, one must characterize the proximity of the empirical risk R to the true risk R uniformly

over the whole set F. One notices that the upper bound (2.14) increases with the size of F.

It is relatively easy to bound ‘7@( f)—R( f)‘ with high probability over the training set for
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one function f, for instance with concentration inequalities for sum of i.i.d. variables such as
Hoeffding’s or Bernstein’s inequality.

Lemma 2.1 (Application of Hoeffding’s inequality). If the loss function ¢ is bounded, for any
function f, with probability at least 1 — 4,

R(f) = R(S)| < Cy/log(1/6)/n (2.15)

for some constant C'.

Then, most of the technical work must handle the “uniform” part, that is, the supremum over
the function class F. Several classical techniques have been developped for this: the so-called
covering numbers method, Rademacher complexities... We will skip the details, but, to fix ideas,
an example of result is the following:
Lemma 2.2 ([7, Chap. 4.4]). Assume the loss { is bounded. With probability 1 — 0 over the
(@i, i),

R(f) — R(f7) < Rad,(F) + Cy/log(1/8)/n (2.16)

where Rad,(F) is the Rademacher complexity of F:

1 n
Rad,(F) = ~Ec x (sup Y eif(z:) (2.17)
n feFi=1
where €1, ..., &, are independant Rademacher variables (i.e. uniform on {—1,1}).

Rademacher complexities are often themselves in 1/y/n, and Lemma 2.2 leads to the well-
known 1/4/n for the estimation error. Remark that the multiplicative constants appearing in the

Rademacher computations are then particularly important to distinguish various models.

As we will see, for Graph ML we will be able to implement a “simple” covering numbers ap-
proach, which results in the suboptimal rate O(\/logn/n). A complete Rademacher approach

1s still open. Partial results were obtained during the internship of Y. Viegas.

Notations. For this point on, all risks in “regular” ML will be denoted by R, (such as Ry,
etc.), to distinguish them from the novel definitions of risk that we will make in graph ML. The
Bayes predictor will also be denoted by f{y; -

2.2 A statistical framework for node tasks on graphs

As mentioned in the introduction, in graph ML, there is a fundamental difference between graph
tasks and node tasks. We first briefly revisit this discussion under the light of the ML framework

above. Then, we define a proper statistical framework for node tasks.
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2.2.1 A reminder on graph tasks vs. node tasks

Graph tasks are classical ML. Recall that in graph tasks, the goal is produce labels for
entire graphs: the training set is formed of a collection of labelled graphs (G, ;). A key obser-
vation is that graph tasks fit into the i.i.d. framework of classical Machine Learning.
Indeed, the methodology of the previous section entirely applies here, defining X as (a subset
of) the set of all graphs &. One can then define the expected ans empirical risks, learn with

ERM, define the estimation and approximation errors, and so on.

As mentioned in the previous chapter, graph tasks still present unique difficulties, usually linked
to the highly “irregular” nature of the space of graphs X and its inherent permutation-invariance.
One must generally define appropriate metrics over X —an arduous task that is a research domain
in and of itself; derive from it a notion of “regularity” or smoothness of prediction functions,
from which one can compute Rademacher complexities [56] or other similar quantities, and so
on. Approximation errors are then often linked to various notions of “expressivity”, which as
mentioned before bear similarities with the graph isomorphism problem [30]. Nevertheless, due
to its similarities with the fundamentals of ML, many studies of generalization in graph ML

focus exclusively on graph tasks [56, 104].

Node tasks and the need for statistical models. Unlike graph tasks, node tasks do not
directly fit into the classical i.i.d. framework. In all generality, it is not even clear what quantity
is “random”: it might drastically change depending on the framework and the task considered.
As mentioned in the introduction, node-tasks are often cast as Semi-supervised learning (SSL),
where one observes both labelled and unlabelled data during training, with a distinction between

transductive and inductive SSL.

Transductive SSL can be particularly simple for Graph ML: labelled nodes and unlabelled nodes
are part of the same fixed graph, and one wants to “extend” the labels to the unlabelled nodes.
In this case, the statistical modelling of the problem may be kept to a minimum, and the
main “randomness” of the problem comes from the selection of labelled nodes (often sampled

uniformly among all nodes).

For inductive SSL however, unlabelled nodes may be added to the graph in the future, or even be
part of entirely new graphs. In this case, deriving prediction guarantees requires more detailed
statistical models for the observed data, in order to actually get a meaningful link between
training and test data: how does the graph grows? What are the links between training and test
nodes, potentially across different graphs? Hence the use of statistical models for (large) graphs,

that we coin under the general term random graphs.
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As mentioned in the introduction, in my work (and this manuscript) I focus on node-tasks,
for two main reasons: a) I am mostly interested in large graphs, for which virtually all tasks
in the real world are node-tasks, and b) I find the departure from the i.i.d. framework to be

fascinating and riddled with open questions.

2.2.2 Risk for node tasks: a large graph approach

We now go back to graph ML, and (attempt to) take inspiration from regular ML to define
a statistical framework to analyze node tasks. Recall that & = &(Z) is the set of all graphs
G = (A, Z) with node features in Z, and &,, the set of all graphs of size n.

Functions Unlike in classical ML, the notion of functions is somewhat loose in graph ML
on node tasks. Many studies will still attempt to manipulate “functions” from node features
to labels and their corresponding function spaces, to try to use classical ML tools, but often
in an unrigorous manner. For instance, [95] define a “function space” on nodes, computes its
Rademacher complexity, then use an equivalent of Lemma 2.2 to link it to generalization, however
their proof is incorrect in several ways: a) it is not a real function space, and b) Lemma 2.2 does
not apply in this case (more precisely, the so-called “symmetrization lemma” [7, Chap 4] does
not apply anymore). Hence, a good rule of thumb is that, rather than borrowing “shortcuts” to

try to use classical ML results, one generally has to rigorously re-define all objects.

This error in the proof of [95] was identified by Y. Viegas during his internship.

In its most general from, a function h(A, Z) for node tasks takes as input a graph G = (4, Z),
and returns an output Y € Y”, that is, a label y; € Y per nodes. When Y C R% (as is generally
the case), we have Y € R™"*%_ Note that we use the notation h here to distinguish from “regular”
functions f in the previous section. As mentioned in the introduction, functions in graph ML

satisfy two important conditions:

1. They can take input graphs of any size n, potentially not known in advance: this is for
instance the case for GNNs whose number of parameters do not depend on the graph size.

The output must of course be of the same size n.

2. They are permutation equivariant:
ho-A,o-Z)=0-h(A2Z) (2.18)
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2.2. A statistical framework for node tasks on graphs

So formally speaking, the functions we consider belong to
Han = {h 6 = Up Y

h(A,Z) € Y" \ (219)

s.t. Vn,G € B,,0 € Xyt
h(o-A,o-Z)=0-h(A,Z)

where we recall that X, is the set of all permutation matrices of size n.

Remark 2.3. In the definition above, to be technically correct, we must indeed state the con-
straint that inputs of size n produce outputs of size n. Note that this is different from the set
h € Up{®, — Y"}, which contains functions that applies to only one particular size n. Here,
functions must be able to take any size n as input, with the constraint that the output is of the

same size.

Empirical risk. Unlike classical ML, it is easier to start by defining the empirical risk that
is actually minimized in practice, and see what notions of expected risk would be appropriate
from there. Let us assume for simplicity that the training dataset is comprised of one graph
G = (A, Z) of size n with all its nodes labelled (see Remark 2.4 below). For h € H,j;, one can

then define the empirical risk as a sum of prediction errors over the nodes:

n

> UR(A, Z)i, i) (2.20)

=1

1
R(h) =
Unlike classical ML, this is not a sum of i.i.d. variables, so its interpretation might be very
different. However, this is the risk that is actually minimized in practice, following the ERM
method.

Remark 2.4 (SSL). Following the SSL framework, if only a subset Vi C [n] of nodes are
labelled, the empirical risk is typically defined as

1

Rssr(h) = Voram]

(A, Z)i. ) (2.21)

ie‘/;train

However, assuming that the indices in Vipqin are uniformly and independently from [n], then it
is easy to check that one has
vy, Rss1(h) = Rn(h) (2:22)

Hence, for most of the mathematical properties that we are going to examine in this manuscript,
the difference between the two is somewhat slightly irrelevant, and we will consider R for sim-
plicity. Of course, in practice it can make a big difference, and there is a whole field dedicated

to transductive SSL, but we will mostly ignore it here.
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Chapter 2 — Statistical approach to Graph Machine Learning: a generic framework

Expected risk. One immediately notices that defining a notion of “true” risk is far from
obvious for graph ML, as the empirical risk R is not a sum of independent variables. In the
absence of additional modellization, we may only consider a joint probability distribution Pg y

over the set of all graphs & and labels, and take the expectation of the empirical risk:

G|
R(h) =BG y)~Poy TAT ’G| Ze (A, Z)i, ) (2.23)

This is a very generic definition, that we will need to progressively refine. Assuming that the
(unique) training graph (G,Y') is indeed distributed according to Pg y, the empirical risk (2.20)
is an estimator of the expected risk (2.23) over one example: there is no reason why it should
concentrate! We need to exploit some kind of “averaging” over the nodes, even though it is not
clear how yet. For this, we will make progressively more assumptions on the graph distribution

Pg y, up until LPMs in the next section.

First of all, a natural assumption over Pgy is that it is itself permutation-invariant ®: all per-
mutations of a graph are equiprobable. In which case, we already have the following property.
Proposition 2.1. If for alln, for all (G,Y) of sizen, and for all o € 3, it holds that (6-G,0-Y)
has the same distribution as (G,Y"), then for any h € Hqy

R(h) = E@Gy)~pgy (WA, Z)1, 1) (2.24)

In other words, for exchangeable Py, the node index ¢ does not play any particular role in
expectation, and the expected risk has a particularly simple form: given the whole graph, we
measure the performance in expectation for a prediction on one node (arbitrarily, the first one).
This is already a first step towards a more classical ML framework: the expected risk measures
the prediction over one node in expectation, and the empirical risk is an empirical average
over many nodes. Of course, the crucial differences here are that nodes are not i.i.d., and more

importantly the function h does not act on a single node, but on the entire graph.

Sample size and sequence of risks. There is a crucial ingredient missing from this frame-
work: we have no mechanisms to study large dataset sizes n — oo and describe sample complexity,
rates of convergence, and so on. As of yet, we only have a distribution over all graphs of all sizes,
and one training graph drawn from this distribution, but no action lever to “let” the training
graph grow. To handle this, we need a probabilistic framework to describe (large) graphs of any

size, which coincidently is one of the main purposes of random graph models (see Chapter 1).

5. One will say that the random graph model is exchangeable.
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2.2. A statistical framework for node tasks on graphs

In full generality, we thus work with a collection of graph distributions

P ={Poutn1 (2.25)

where P, = Pgy|, is a shorthand notation for a distribution over graphs G of size n and their
labels. Given such a family, we denote by R,, the expected risk (2.24) with respect to P,: for
any h € Hau,

Ru(h) = E(.yyor, ((h(A, 2)1, 1) (2.26)

Note that our definition of the base space H,;, where a single function can take graphs of any
size as input, is crucial in this framework. By applying Prop. 2.1, if P, is exchangeable this is
equal to tEp, Y0 6(h(A, Z);, yi).

Assuming that the training graph is drawn from P,, we may now study the approximation
R ~ R, when we let n — co. However, this would technically only guarantee that training on a
graph of size n generalizes to graphs of the same size, also drawn from P,. We need an additional
hypothesis to generalize across graph sizes, or, intuitively, we need to “relate” the distributions

P,, between them.

Transferability and limit risk. The final ingredient to our framework is what researchers
in graph ML have dubbed transferability [130, 102]: the capacity to train on one graph and
generalize to graphs of different size (a fortiori, if both graphs are large enough). Here, we
naturally materialize transferability by having R,, ~ R,, for all n, m large enough, that is, the
risks functions are close for all large graphs drawn from members of 3. Thus, if we train on a

graph from P, and have RA~R,~ Rm, we will generalize to graphs of size m.

By properties of Cauchy sequences, having R, (h) ~ R, (h) is equivalent to having the risk
converge (pointwise) when n — oo to some limit quantity that we will denote by Roo(h). Since
this convergence is not a priori guaranteed for any function h € Hy, we will thus restrict the

function space to add this constraint:
Hatt,oo = Hatt,oo(B) 1= {h € Han | FRxc(h) € Ry s.t. Rp(h) = Reo(h)} (2.27)

In other words, this considers the functions h in Hy such that R, (h) converges in R . Note that
this function space depends on the family of graph distributions® ¢ = {P,},, and might well
be empty! For now, it is difficult to describe Hjj o in more details 7. In particular, observe that

the limit quantity Roo(h) has no reason to be a “simple”, or even easily interpretable, mapping

6. although we will often omit the notation for simplicity
7. I haven’t even be able to prove that it is a vector space... although I suspect that this is true and that the
argument is probably simple, but highly dependent on the loss function
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Chapter 2 — Statistical approach to Graph Machine Learning: a generic framework

of the function h. It is just a scalar in Ry of which we suppose the existence, nothing else. Of
course, we will see later examples of random graphs where Ro(h) has a friendly closed-form

expression, and where the description of the overall space H ;o is considerably simplified.

Excess risk decomposition. Henceforth, we will now consider that R, plays our role of
“true” risk, since it will approximate all expected risks over large graphs, and H,j o to be our

“base” space to seek out the optimal prediction function h*.

h* = argmin Roo(h). (2.28)
heHall,oo

Similar to the practical function space F C F,y is ML, we consider prediction models® H C

Hall,o0, and derive a new excess risk decomposition: denoting as before h = argmin ﬁ(h),
heH
hy = argmin R (h), assuming that the training graph is drawn from P,,
heH

h) — Roo ()
= Roo(h) = Ru(h) + Ra(h) = R(R) + R(h) — R(hy)
<0

+ R(hy) = R(ha) + Ra(hag) — Roo(har) + Roo(ha) — Roo(h*)

< 250 [Ry(h) — Roo(h)| +2 5up [R(R) — R (h)] + Roo (hre) ~Roc(h)  (2:29)
heH heH

approximation error
transferability error estimation error

The risk decomposition now involves three errors.

1. The estimation error, which is now between the empirical risk computed on a graph G and

its expectation with respect to P,.
2. The approximation error between hy € H and h* € Hyj00, W.r.t. the limit risk Reo.

3. And the novel term that we refer to as transferability error, which expresses the convergence
from R, (h) to Reo(h) uniformly over the function set H.

At this point, we cannot really go further in the analysis without specifying further a distribution
of graphs ‘B. In the rest of the chapter, we introduce Latent Position Models (LPMs), a well-
known general class of random graph models. We then revisit this framework for LPMs, which
allows us to push the analysis considerably further and draw more intuitive connections between
graph ML and classical ML.

8. again, in full generality Haii,o0 is defined by a somewhat cryptic notion of convergence, and it might not be
easy to guarantee that actual prediction models belong to it. Fortunately, we will see that situation considerably
simplifies for LPM random graphs, and that in particular GNNs are in Hai1,00
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2.3 Latent Position Random Graphs

As we described in the introduction, Latent Positions Models (LPMs) are a general family of
random graphs that include several well-known examples: Erdés-Rényi random graphs, Stochas-
tic Block Models, graphons?, random geometric graphs, and others. As we will see in the next
sections, in graph ML, they also offer striking similarities to classical ML, with many non-trivial
interesting intuitions. In this section, we introduce more in details LPMs and their main prop-

erties.

2.3.1 Basic definition

In (vanilla) LPMs, a graph with n nodes is generated as follows. One assumes that each node
is equipped with an unobserved latent variable z; € X C R%. They represent some embedding
of the nodes in a high-dimensional space characterizing the underlying phenomenon responsible
for the graph structure, for instance, unknown user preferences in a social network [65]. As we

will see, the choice of notation x is done on purpose.

Then, for each pairs of nodes, random edges are drawn independently according to a distribu-
tion that is conditioned on the latent variables of the corresponding nodes, and potentially on
the graph size n:

ajj ~ P (- | zi,xzj,n) (2.30)

This very generic notations allows for weighted or unweighted edges, random or deterministic
edges, directed or undirected graphs... Recall that in this manuscript, we will deal exclusively
with undirected graphs: random edges are generated for 7 < j, then aj; = a;;. The dependency
on n allows for a control of the sparsity of the graph, that is, the expected number of edges with

respect to n. We will come back to this notion later.

The distribution of edges is often represented through a symmetric function W,, : X x X — [0, 1]
referred to as connectivity kernel, whose expression may also depend on the graph size. In this
manuscript, we will focus on two main cases: deterministic weighted edges, or random binary

edges drawn as Bernoulli variables. That is,

aij = Wy(zi, x5) (deterministic edges) (2.31)
aij ~ Ber(W,(xi, z;)) (random edges) (2.32)

where Ber(p) are Bernoulli variables with parameter p. In the latter case, two nodes with latent
variables x;,x; are connected with probability Wy, (x;, x;). Intuitively, the connectivity kernel

W, decreases when the distance between x; and x; increases, such that two nodes with similar

9. graphons actually refer to a specific, slightly different theory, see Remark 2.5
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latent variables have a higher chance of being connected. Remark that the expectation of the

random model (with respect to the edges) is the deterministic model.

Although some works consider that the latent variables x; may be fixed (akin to fixed design
in statistics), most of the time they will be considered i.i.d. according to some distribution, and
this is the choice we adopt:

z; % P, (2.33)

2.3.2 Sparsity

As we have seen in the introduction, the sparsity (or, conversely, the density) of a graph refers
to the ratio between the number of edges and number of nodes n. While sparsity is mostly
an intuitive notion when talking about a fixed (real-world) graph, this can be made a precise
definition when n grows to infinity and the graph is generated according to some model. In this
context, a graph with O(n?) edges is said to be dense!?, while a graph with O(n) edges is said
to be sparse. All rates in-between are generally referred to as relatively sparse. The relatively
sparse rate O(nlogn) plays a particular role, as many phenomena can only be characterized

above this rate (such as the emergence of the giant component in Erdos-Rényi models [48]).

Consider LPMs with random edges (2.32) and i.i.d. random variables. When the kernel W,, = W
does not depend on n, the generated graphs are dense in expectation: the expected number of
edges is in O(n?). When W,, depends on n, sparsity is usually handled in two main ways. One

possibility is to introduce a multiplicative factor called the sparsity level a,, € [0, 1]:
Wi (4, 25) = apw(x;, ;) (2.34)

where w is a fixed kernel. Here, the expected number of edges is in O(a,,n?), such that oy, = 1/n
generates sparse graph, and a,n — oo with a, = o(1) generates relatively sparse graphs. The
special rate nlogn is obtained with a,, ~ (logn)/n. This is a model often used when representing

sparse social networks or networks with community structures, such as SBMs [83].

The second main way of introducing sparsity in LPMs is through a varying bandwidth o, > 0:
assuming X C R%

W (@i, 25) = w(xi /0, 05 /00) = (”“’ — x]’) (2.35)

On

where w : R% — [0,1] is a function that typically decreases at infinity. The smaller the band-
width, the more “narrow” the kernel W, is, such that nodes must be increasingly close to each

other to be connected. Under some mild hypotheses (e.g. when @ is smooth), the expected num-

10. remember that the number of all possible edges is n(n — 1)/2 = O(n?)
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ber of edges is then!' in O(n?¢%) | such that sparse graphs are obtained with o, = (1/n)"/%.

This is a model often used in applications involving physical networks with spatial locations,
such as electrical or road networks, or meshes [121]. These two strategies yield very different

mathematical properties when n goes to infinity.

In the rest of the manuscript, I use the multiplicative factor sparsity level (2.34), which
is the choice adopted in the majority of my works [NK12, NK14, NK15, NK16, NK13].
Occasionally, I obtained results for kernels with varying bandwidth [NK8, NK3], but they

will not be presented here.

2.3.3 Examples of LPMs

Classical examples of LPMs include:

1. Erdos-Rényi [48]: when the kernel W), = p,, is constant, we obtain the classical Erdos-

Rényi model, where each edge is drawn with probability p,,.
2. Stochastic Block Model (SBM) [66]: SBMs model communities, where the probabilities

of connection between two nodes only depend on their communities. SBMs can be obtained
is two ways: either the set X is finite, in which case the latent variables are directly the
community labels, or the kernel W), is constant-by-part, and each constant represents one

community. Sparsity is typically modelled with a multiplicative factor (2.34).

3. Gaussian kernel [NK9|: a typical kernel is the Gaussian kernel W (z,2’) = e~ 3le—el3

for some “covariance” matrix Y. Sparsity can be of both types (2.34), (2.35).

4. random geometric graphs [121]: They are also called e-graphs. Node are connected if
some metric ||z — 2'[| is less then a threshold: W (x, ') = 1)j;_p|<. Sparsity is generally

obtained with varying bandwidth (2.35), which corresponds to a decreasing €, = oy,e.

5. Dot-product kernel [3]: corresponds to some W (xz,2') = f(p(x)To(z')). A typical ex-
ample is to take W (x,2') = f(z"2') and X the d,-dimensional sphere: if P, is the uniform
distribution on the sphere!?, one can then deploy the powerful theory of spherical har-
monics to analyze the model. Sparsity is not often considered in this literature, but by
default it would be obtained with a multiplicative factor (2.34).

6. Graphons [92]: obtained when P, is the uniform distribution over [0,1]. See remark 2.5
below.

Remark 2.5 (Graphon and Machine Learning). Under this form, dense LPMs bear connections
with graph limits called graphons [92]. The full theory of graphons is however somewhat more
general: they can be defined using only notions of convergence in a well-chosen metric (the so-

called cut metric) when n goes to infinity. However, the typical random graph example of graphon

11. this is easily shown with a change of variables
12. which is however not very realistic for ML applications
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adopted in this community is indeed dense LPMs with P, =U([0,1]) and W,, = W independent

of n.

With such a simple distribution P, graphon theory thus delegates all the complexity of the
model on W. On the contrary, in ML the distribution P, will typically be complicated and (very)
high-dimensional, as it represents real quantities, while the kernel W will often be quite simple,
typically the Gaussian kernel. While some mathematical equivalencies between the two models
exist, the points of view and intuitions are quite different. In particular, the dimension of the

latent variables d, often plays an important role in our theorems.

2.3.4 Node features and node labels

Up until this point, we have seen how LPMs can generate graph structures. However, as de-
scribed in the introduction, node features are equally important in graph Machine Learning.
Unfortunately, traditional LPMs (and random graph models overall) do not include node fea-
tures. Hence, the current ML literature adopt a variety of choices to obtain node features, but
there is not real consensus yet and it remains an active literature. A popular choice, which I
often adopt in my work, is to draw node features independently according to a distribution

conditioned on individual latent variables for each node:
Zi PZ( ’ .%'l) (2.36)

This is for instance the case of the popular Contextual SBM (CSBM) [39] model for community
graphs, where node features are drawn according to different Gaussian distributions depending
on their community, and the graph structure is an SBM. A simplified choice that we will often
make in later chapters is to take a deterministic function z; = f,(x;). Typically, such a function
is not injective and does lose information between x; and z;, such that it is not possible
to entirely deduce the graph structure from the node features, and the two indeed represent

complementary sources of information.

Similarly, the node labels y; will be drawn independently:
yi ~ Py(- | @) (2.37)

Equivalently, the triplets (z;, 2, y;) are generated i.i.d. according to a joint distribution P,
and y and z are conditionally independent given x. The graph structure A, in turn, is generated

using the collection of x;’s. This is illustrated in Fig. 2.1.
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2.3.5 Learning on LPMs: intuitions

At the end of the day, a LPM is a pair (Pyyz, {Wpn}n>1), such that y and z are conditionally
independent w.r.t. x, and {W,, },,>1 is a collection of kernels that generates either deterministic or
random edges (this will be precised for each result, or if not, both cases are covered) for graphs
of size n. For convenience, we will now let P, = Px 4 zy|, denote the corresponding LPM
distribution over graphs of size n and their labels, but also their latent variables, keeping in
mind that they are unobserved. Naturally, a LPM corresponds to a family of graph distribution
B = {Pn}n>1 as defined in the previous section. We will sometimes abusively denote P =
(Pyyz, Wy,) by the parameters of the LPM instead.

All along this section, we have purposely used notations reminiscent of classical ML. Indeed,

LPMs allow for very interesting connections between the two worlds. To summarize (see Fig. 2.1):
1. In ML, one observes pairs of variables

iid
(xh yz> ~ Pa:y

and aim to derive rules to predict y from .

2. In node-tasks GML on LPMs, there are
id
(.TZ', Yi, Zi) ~ nyz
where y and z are conditionally independent given x. However the x; are not directly

observed, and instead one observes:

(a) the z;, which typically contains only partial information about the x;
(b) the graph structure A, which roughly contains notions of “similarities” between the

x;, albeit through an unknown kernel and with additional randomness on the edges

From these two different sources of information, one aim to derive rules to predict
the y;. The question then becomes: how much does the information contained in the graph

allow for “recovering” some of the information lost between the xz; and the z;?

Graph ML is harder than regular ML. The intuition above suggest that graph ML on
LPMs is “more difficult” than regular ML: the crucial quantities are hidden. Can this be made

rigorous in our mathematical framework, with our definition of the risks R,, and limit risk Rso?

Recall from the previous section (Remark 2.1) that the optimal risk in ML is the Bayes risk:

all
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@ @ @ @ @ Unobserved

[ [

@ @ @ @ e @ @ e Observed

(a) In ML, one observes a collection of i.i.d. (b) In graph ML on LPMs, the x; are not observed, but only par-

training data (z;,v;), and aim to derive a tially known through the node features z;’s and the graph struc-

rule to predict y from z. ture A. The latter depends on the whole collection of x;’s. The
goal is to exploit both the z; and A to derive prediction rules for
the y;, potentially in a new graph at test time.

Figure 2.1 — Statistical representation of ML (left) and graph ML on LPMs (right).

and that when it exists, one Bayes estimator fyy, is

fK/IL(:L‘) € argmin ]Ey|x€(g7 y) .
JeY

Then we have the following proposition.
Proposition 2.2. Let P be a LPM. For all h € Hqy and all n, we have

R (h) = Ri, (2.38)

In particular, for h € Haji 0o we have Roo(h) = Riyy,, and

*
o0

= inf > R: 2.
hglﬁ”mRoo(h) ML (2.39)

Hence, since the x;’s are unknown, graph ML is indeed “more difficult” than regular ML, in
the sense that the optimal risk will always be higher. Of course, here we are only talking about
intrinsic difficulty of the problem as materialized by the optimal risk and Bayes estimator, not

all the different rates that will actually come into play in the risk decomposition (2.29).

An immediate but interesting corollary of the proposition above is the following.
Corollary 2.1. Let B be a LPM for which the latent variables are observed: Z = X, and

assume that the Bayes predictor f{y; exists. Then, the optimal fonction h* € Hqy is

W (A, X) = [fi(z)]iz

The proof is immediate since R, (h*) = Ry, reaches the lower bound for any n.

In other words, the optimal h* returns f{j; (z;) independently for each node and completely

ignores the graph structure! Which intuitively makes sense, as it contains no additional informa-
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tion when the z;’s are known. So the core difficulty in graph ML is indeed the discrepancy of
information between the observed node features and graph structure, and the unobserved latent

variables that produced them.

2.4 Learning on LPMs

As we will now see, the framework of LPMs allows to push significantly further the analysis of
Section 2.2. In particular: we will obtain more explicit expression for R, and Hgj 0, derive a
generic framework to analyze the transferability and estimation error, and relate the approxi-
mation error to more classical notions of functional approximations. As the reader might have
guessed in light of the previous section, this mostly rely upon the presence of the latent vari-
ables and the latent space X. This allows us to draw connections with more natural notions of

functions from X to Y, the central objects in regular ML.

In the rest of this section, B = (Pyy., Wy,) is a LPM.

2.4.1 ‘P-convergence

As we have seen, a central tool of our framework is the somewhat cryptic notion of convergence
(2.27) defining Hay oo (that is, it is the set of functions such that R, (h) converges to some
scalar Roo(h)), which naturally leads to the risk decomposition (2.29). While M4 oo is hard to
express in general, for LPMs our analysis will rely on a substantial simplification brought by a
more natural notion of convergence towards functions on the latent space. We call this notion
B-convergence. We recall that we have defined a metric dy on Y.

Definition 2.1 (B-convergent set of functions). Let h € Hyy. If there exists f € Fay such that

EPndY(h(Aa Z)h f(wl)) <rp m 0 (240)

we say that h is P-convergent towards f with rate .

For an entire set of P-convergent functions H C Hqy, we denote by Fyy the set of limit functions:
Fy = Fu(B) :={f | 3h € H which is B-convergent towards f} (2.41)

We say that H is P-convergent towards Fy. If all functions in H are P-convergent with a
) (H)

(mazximum) rate of rg{ , we say that H is P-convergent with rate ry,

That is, h is P-convergent if in expectation the prediction h(A,Z); at the node 1 (or, by
exchangeability, at any node i) converges to a function of the latent variable at this node (which

we recall is unobserved). For instance, if z; = fo(x;), then the identity function h(A,Z) = Z
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is immediately B-convergent towards fy (with rate 0). But of course the interest lies in more

complex functions such as GNNs (see Chapter 3).

Remark that Fy C Fuy are functions on the latent space whose definition depends on 33, which
is not the case of H itself. Intuitively, a function h € H exists outside of all context (e.g. a GNN
that can be applied to any graph), while f € Fj depends on a particular LPM ‘B (as we will
see in the next Chapter, a "continuous GNN" applied to ). Also note that limit functions of

B-convergence are unique only P,-a.e., but we will not dwell on such technicalities here.

In later chapters, we may need notions of B-convergence with different metrics, mostly for
technical convenience.

Definition 2.2 (B-convergence of order q). Let h € Hqy and q > 1. If there exists f € Fyy
such that

n 1/q
1
E = dy(h(A, Z);, f(x;))? <rp 0 2.42
Pn(n;Y((a)f(x))> Tn ——— (2.42)
we say that h is P-convergent of order q towards f with rate ry,.

By Prop. 2.1, regular ‘B-convergence (Def. 2.1) is indeed J-convergence of order 1. A simple
application of Holder’s inequality shows that for any ¢ > 1, B-convergence of order ¢ implies
PB-convergence of order 1. In the rest of this chapter, we will stick with B-convergence of order

1, and will only use order ¢ in the next chapter.

PB-convergence and limit risk. The next theorem is simple but key: it shows that -
convergence implies convergence of the risk, and therefore provides a wealth of functions that
are in Hgj1 0. Moreover, it provides a closed-form expression for the limit risk R.

Theorem 2.1 (B-convergence and risk). Suppose that the loss satisfies Assumption 2.1. Let
h € Han be B-convergent towards f € Fou. Then h € Hyp 00, and

Roo(h) = Ruw(f) »

where Rypr, ts the classical ML risk (2.5).

In other words, a B-convergent function is automatically in Hay o0, and the limit risk R (h)
is the ML risk Ry (f) of the PB-convergent limit.

Thus B-convergence becomes a central notion when analyzing LPMs. It provides a practical way
to prove that entire sets of functions H do indeed belong to H; 0, and it provides an actual,
simple expression for the limit risk R, as the regular ML risk for functions on the latent space.
This is further confirmation that, conceptually, the latent variables do indeed play the role of z

in regular ML. The limit function f € F,; may then be analyzed with the usual tools of regular
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2.4. Learning on LPMs

ML: analyze their smoothness, bound the capacity of the set Fz, and so on. As we will see
in the next subsection, we can entirely revisit the risk decomposition (2.29) under the lens of

B-convergence.

Remark that H,y 0o might be larger than the set of all -convergent functions. In particular,

an optimal function h* € argmin R (h) may not be B-convergent, and we might not enjoy
hEHall,oo

a simple expression of the optimal risk R%, = Roo(h*). Recall however that this optimal risk
Roo(h*) is still always higher than Ry, by Prop. 2.2, so we have the immediate corollary:

Corollary 2.2. Suppose that the loss satisfies Assumption 2.1 and the Bayes predictor fyy,
exists. If there is h € Heqy that is B-convergent towards fyy,, then h = h* is the optimal

prediction function on graphs.

Of course, it is not realistic to expect to compute h to converge towards f{j;. However, this
intuition will naturally be behind our handling of the approximation error in the next section,

through notions of universality.

2.4.2 Generalization error on LPMs

We can now revisit the excess risk decomposition (2.29) with 3-convergence. In this chapter we
will still stay fairly general in our considerations: detailed specifications for GNNs will come in

the next chapter.

2.4.2.1 Transferability error

The transferability error in (2.29) can be easily deduced from -convergence with the following
simple proposition.

Proposition 2.3 (Transferability and B-convergence). Assume that H is PB-convergent towards
Fy with rate rﬁlH), and that Assumption 2.1 holds on the loss. Then the transferability error in
(2.29) satisfies

sup |Rn(h) — Roo(h)| < Lr(M) (2.43)
heH

where L = Ly when the loss is Lipschitz and L < supy, Ep, ||h(A, Z)1||+ Dy when it is the square

loss over a bounded domain.

Here we do need a rate rﬁlH) for the whole set H, since we are dealing with uniform convergence.

Note that, for the square loss, the multiplicative constant involves sup, Ep, ||h(A, Z)1|| which

might depend on n. In practice, we will see that it is generally uniformly bounded.
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2.4.3 Approximation error

As mentioned before, bounding the approximation error is a complex topic, generally done on
a case-by-case basis. With -convergence, we will be able to relate the approximation error
(2.29) to more classical notions of approximation for functions on X. As mentioned before, for
deep neural networks the basic property is universality, which we formally define below. We first

define the following metric, for f,g € Fuu:

dy so(f,9) = sup dy(f(z),9(z)) (2.44)

Definition 2.3 (Universality). Let § = {F%}r=o be a collection of function sets F¥ C Fuy
parameterized by some R, let C C Fyy be another set of functions. We say that § is universal
for C if: for any f* € C and any € > 0, there exists R. and f. € F% such that

dyoo(fes f) S € (2.45)

Typically, F = {fy | Q() < R} is a set of parametric functions, where € is some measure of
capacity of the parameter 0, generally its dimensionality and maximum amplitude. In classical
universality theorems, for instance for deep neural nets, the set C are continuous functions.
Also note that here we make the choice to use the classical supremum over X as the norm,
which will be enough for our purposes, but various universality theorems can be obtained for
different norms [NK13]. The following theorem relates universality for functions on X with the
approximation error (2.29).

Theorem 2.2 (Approximation error of universal models). Let B be a LPM, and HE Hall 0o
be a family of models. Assume that for each R, the set H' is S3-convergent towards Fyr, and
that there is a set of functions C such that the collection § = {Fyr}r>o is universal for C.
Suppose that the loss satisfies Assumption 2.1.

Consider h* € argmin R (h). If either:
heHall,oo

1. h* is P-convergent towards f, and f € C, or

2. a Bayes estimator f{, € argmin Ry, (f) exists and fiy, € C.
F€Fan

Then for alle > 0, there is R, such that, taking hyr. € argmin Roo(h), the approxzimation error
heH e
(2.29) satisfies:

Reoo(hyyne ) — Roo(h*) < Le (2.46)

where L = Ly if the loss is Ly-Lipschitz, or L < \/Roo(h*) + Dy if the loss is the square loss
and Y is bounded.
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In other words, if either the optimal prediction function is B-convergent towards a function in C,
or the Bayes predictor belong to C, then the approximation error can be bounded by leveraging
the universality of F3r in C. As in classical ML, we will be able to show universality for some
models and LPMs in the next chapter, but estimating the R. to obtain explicit rates will remain

largely open.

2.4.4 Estimation error: a covering number approach

The material in this section has been developed during the internship of Y. Viegas.

Finally, we are left to deal with the estimation error, that is

sup |R(h) — Rn(h)'

heH

As mentioned earlier, in ML there usually are systematic approaches to bound this quantity.
In graph ML, adapting these methods to our framework is still quite open. We discuss below
various potential routes, before introducing a simple covering numbers-based method that this

quite generic but probably suboptimal.
1. Covering numbers [7, Sec. 4.4.4]: For a metric set (X, d), the covering number N'(X, e, d)

is the minimum number of balls of radius € required to cover it. In particular, a compact

set has finite covering numbers (the converse is not entirely true up to some technicality).

Using covering numbers is a very generic method to handle uniform concentration over a
(generally compact) set, used in many domains besides ML. One first proves a pointwise
concentration, then uniformly extend it using finite coverings of the set, stability of the
various quantities, and a union bound. In ML, this is known to be applicable in broad
situations, but to be suboptimal: one gets an additional factor log(n), and the dependence

in the number of parameters is generally too high.

As we will see below, for LPMs it is indeed possible to prove the required pointwise
concentration with a simple bounded differences approach, and thus to apply this approach
by covering numbers.

2. Rademacher complexity [7, Sec. 4.5]: Rademacher complexities work using a sym-
metrization approach, by remarking that, given z1, ..., x,, 2], ..., 2} iid random variables,
then

Ex x’sup = Ex ¢ sup

Zf(ﬂﬁi) — f(x})

Z&f(%’)

where ¢; are independent Rademacher random variables (uniform on {—1,1}). The quan-

tity on the r.h.s. is called the Rademacher complexity of the function set, and it can then
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be bounded. This approach no longer works for graph ML, since the terms of the empirical
risk are no longer independent: the so-called “symmetrization lemma” is no longer valid 3.
One potential approach is to model the dependence between the terms and compute a
so-called fractional Rademacher complezity [172], however this only works if the graph is
fixed. In LPMs the graph structure vary with the node features, so this approach is also
no longer valid. As of now Rademacher complexities for random graphs are still an open

question.

3. Detour through limit functions: given the reasoning above, if h is PB-convergent to-
wards f, the expected risk converges. Then one may hope to express convergence for the
empirical risk as well:

A

R(h) = Raw(£)] = 0

in the same manner that the transferability error expresses this convergence for the ex-
pected risk. Then, it would be possible to resort to more classical proofs in the world of

7AZML and Ry, e.g. with Rademacher complexities.

It is indeed possible to prove such a convergence result with high probability, however the
concentration bound must also hold uniformly over h € H. One may resort to covering
numbers, which negates the gain and brings us back to the first approach. For GNNs,
one hope would be to obtain this uniform concentration via the concentration of graph

operators [129] without resorting to covering numbers, but this is still open.

Let us now detail a generic covering number approach for LPMs, based on bounded differences.
The core of this approach is to assume that the empirical risk does not vary too much with
each independent variable that constitute the random graph, then prove concentration with the

classical Mc Diarmid’s inequality. Then, covering numbers allow us to obtain a uniform bound.

Pointwise concentration. For all the considerations below, we consider H C H,; and B a
LPM. Note that here we do not technically need that H C Hyy 00, or that functions in H are
B-convergent, but as we have seen this is our main approach for the other two terms in the
risk decomposition (2.29). Our main bounded difference assumption is the following. It deviates
slightly from the usual application of McDiarmid’s inequality, in the sense that we assume that
it is valid only for a set of graphs G, C &,, that is generated with high probability: this will be
useful in some examples in the next chapter. The version of McDiarmid’s inequality that we use
is therefore a non-uniform version (Thm 2.4 in Appendix).

Assumption 2.2. Assume that, for all n, there is a set of graphs G, C &, of size n such that,
forallh € H and (A, Z), (A", Z) € Gy:

13. despite what is wrongly claimed in some papers such as [95]
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— if A, A" differs on only one coordinate A;j,

M=

dy (A, Z), h(A, Z);) < AL

n

(2.47)

>
Il
—

— if A, A differs on one line A;. and the corresponding column A.; (since they are symmet-

ric),

n

dv(hMA, Z);,h(A,Z);) < A2 (2.48)

NE

<.
Il
_

— if Z,Z' differs on one sample z; # 2|,

dy(h(A, Z);,h(A, Z');) < A (2.49)

n

-

<
Il
-

Moreover, we will need the following global bounds on the loss, which can be quite loose. It is
particularly required for the square loss, and corresponds to a high probability bound on h(A, Z)
itself.

Assumption 2.3. Considering the same set G, as in Ass. 2.2, assume that

sup max |€(h(A> Z)’Lay)| <
yey ¢

« (2.50)
Ch ) otherwise

{e%’ if (A,Z) € Gn
Then we have the following pointwise concentration result.

Lemma 2.3. Let H satisfying Assumption 2.2 and 2.5. Suppose that the loss satisfies Assump-
tion 2.1. Denote by p, = P,(GS) the probability of generating a graph of size n that is not in
Gn. For any h € H, with probability at least 1 — § — p,, we have

R ~ ~ log(1/4
R(K) = Ru(h)| 5 (D +nLAE + COYp, + (D + vaLAsy [P o5

where Dy, = Lg(A;?—l—Az)—i—cg) and L = Ly for Lipschitz bounded loss, or D,, = (c%) +Dy) (A2 +
AZ + Dy) and L = C%) + Dy for the square loss; and A% = A% for random Bernoulli edges, or

AZ = 0 for deterministic edges.

As we will see, we can often design G, to have p, negligible in front of the other terms, and
for many models we will even have p, = 0. Moreover, we will generally have D,, = O(1), and
A% = 0(1/y/n). Thus, we will generally obtain a global rate in O(1/4/n) for dense LPMs. We

may also obtain a slower rate for sparser graphs, see next chapter for GNNs.
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Uniform bound. To obtain a uniform bound, we proceed by covering numbers. Define the
metric over Hy;:

dyn(h,h') = sup max dy(h(A,Z2);,h'(A,Z),) o
(A,Z)e®, 1=1,...,n

Assume that A has finite covering numbers N'(#, ¢, dy ,,), which is often the case for paramet-
ric functions with bounded parameters. Note that they may depend on n. Then we have the
following.

Theorem 2.3 (Estimation error through covering numbers.). Suppose that Assumption 2.2
and 2.3 hold. Suppose that the loss satisfies Assumption 2.1. Denote by p, = P,(G%), and
N =N(H,E,/v/n,dy,), where Ey is defined below. With probability at least 1 — 6 — N'p,,, we

have

log(N'/9)

sup [R(f) = Ra(f)| S (Dn +nLAG + C)pn + (D + v/nLA) (2:53)

fer

where D,, = Ly(A2 + Ab) + DL =L, and E, = D,,/L; for Lipschitz bounded loss, or
D, = (cq(f) +Dy) (AL +AZ + Dy), L = )+ Dy and E,, = D, /(Dy + Cq(f)) for the square loss;

and A% = A? for random Bernoulli edges, or A% =0 for deterministic edges.

Hence, the uniform bound looses a factor log(N'), compared to the pointwise one. For para-
metric functions, such covering numbers generally yields log(N) = dg log(n), where dg is the
dimensionality of the parameters. In ML, the log(n) term is generally seen as suboptimal, while
de is a rather crude dependency on the parameters, which only express their dimensionality
and ignores any structure they might exhibit. Note that in this version the probability of failure
includes a term N'p,, which asks for a very small p,, < §/N to be negligible. Again, this may

be done for most models we will see later, and even p, = 0 in many cases.

2.4.5 Summary

To summarize, given a family of prediction functions H? C Hqy and an LPM B, one may bound

the entire excess risk (2.29) as such:

1. For each R, show that H% is P-convergent towards some Fpr. This shows that HT C
Hail,00 50 the limit risk R, always exists, and directly yields a bound on the transferability

error;

2. Evaluate the approximation power of Fyr. If it is universal w.r.t. some C and the Bayes

predictor is in C, then it will vanish when R increases. Ideally, compute this rate w.r.t. R;

3. For each R, bound the estimation error by showing stability of the functions in H® and

applying a covering numbers approach.

In the next chapter, we will apply this method to GNNs, and particularly to S-GNNs.
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2.5 Conclusion and discussion

I am well aware that the material in this chapter is quite rough around the edges: it is a bit
fresh, unpolished, and not peer reviewed yet! Nevertheless, I do believe that it draws rather
elegant connections between ML and GML on LPMs, both at a (very) technical level and at an
intuitive level. While most of the properties “proven” in this chapter are quite tautologic, and
consists in appropriate reformulations of classic ML definitions, it provides a general framework
for node tasks that is both rigorous and flexible. We apply it to GNNs in the next chapter, but
I hope that it can serve as a basis for future studies. Naturally, besides a general polishing of
the framework that may happen over time, there are many questions left, of which I outline a

few below.

Open questions

1. Limit risk: we have seen that -convergence considerably simplifies the expression
of Roo and Hgii,0, nevertheless many basic properties of these objects are still open:
is Hai1,00 & vector space? Could they be related to more generic notions of convergence
of graphs with appropriate metrics, such as graphons with the cut-metric [92]?

2. Random graph models: LPMs provide a powerful framework, and most of the
properties and intuitions that I have described entirely rely on their latent variables
mechanism. Nevertheless, they could probably be improved, while keeping the same
basics: in particular, the generation of node features and labels is quite simplistic for
now, as well as the independency of all the edges. At longer term, the use of completely
different graph models (e.g. preferential attachement [9]) is still completely open, and
the absence of latent variables would drastically change the intuitions behind our
large-graph framework.

3. Rademacher and other approaches: we have described a covering numbers-based
proof, as most of the ingredients for other approaches such as Rademacher complexities
(aka the symmetrization lemma) do not work anymore. Fixing this is an interesting,

open question.
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Appendix

2.A Proofs

Proof of Prop. 2.1. Considering that the graph size is random, we can decompose Eqy =
EnEq y|n,, where the second expectation is over the distribution of graphs of size n. Taking
o; the permutation that exchange i and 1, since (0;A40;, 0;Z,0;Y) has the same distribution as
(A, Z,Y) and h is equivariant,

|G|

R(h) EGY|G|Z€ (A, 2)i,yi) = En ZEAZYM(’Z(A,Z)@%)
i=1

=E,— Z]EAZY\nE(h(UiAUz‘Taaz‘Z)ia[O'iY]z) E,— ZEAZY\ng([Uzh(A 2))i, [o3Y]i)

=1 =1
=E,— ZEA zyml(h(A, Z)1,y1) = Eqy (WA, Z)1,y1)
=1
O
Proof of Prop. 2.2. This is a simple computation: since y; only depends on z1,
Rn(h) =Ep, (WA, Z)1,y1) = ExE4 7 x [Ey, |2, £(R(A, Z) 1, 91)]
2> ExE4 zx grelf([Eylmf@, y1)]
= Eq, Z%Iel\f([EyﬂxlE(gayl)] = K/[L
O

Proof of Thm. 2.1. When the loss is Lipschitz, the proof is immediate by remarking that for
any n, E, ¢(f(z),y) = Ep,£(f(x1),y1) and therefore

[Rn(h) —EL(f(z),y)| = [Ep, (L(h(A, Z)1,y1) — £(f(71),91))|
< LiEp,dy(h(A, Z)1, f(x1)) < Lern,

When the loss is the square loss, remark that
[Ep, (6(h(A; Z)1,91) = £(f (21),y1))| < (E[[R(A, 2l + E | f(2)] + 2Dy) n
The only quantity that depends on n in the multiplicative constant is E||h(A, Z)1], and
E[h(A, Z)1ll S E[|R(A, Z)1 = y1l + Dy < y/Ra(h) + Dy
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Since R, (h) converges, it is uniformly bounded in n, which concludes the proof. ]

Prof of Prop. 2.3. The Lipschitz case has already been proved in the proof of Thm. 2.1. For the

square loss, we recall that we have
[Ep, (L(R(A, Z)1,1) = £(f (x1),91))| < (E[[R(A, Z)1]| + E| f(z)]| +2Dy) rn

and E||f(2)|| < E||h(A, 21| + 7Y SE[h(A, Z)1]). O

Proof of Thm. 2.2. Let f € C be either f* or fRi, depending on hypothesis 1) or 2) above. In

both cases, we have Roo(h*) = Ryw(f): in the first case, this is an equality by Thm. 2.1, and
in the second, this is shown by Prop. 2.2.

Take € > 0. Since § = {Fyr}r>0 is universal, there exists R, and f. € Fyr. such that

dY,oo(fE)f) <e

Since H ' is YP-convergent towards F ke, there exists h, € H e that is 9B-convergent towards

fe. By minimality of hyr. and Proposition 2.1, we have
Roo(hpre) < Roo(he) = Ruw(fe) (2.54)
Hence the approximation error satisfies
Roo(hygre) — Roo(h*) < Ry (f2) — Raaw(f)

If the loss is Ly Lipschitz, we immediately have Ry, (f-) — R (f) < Lidy o ( fe, f) < Lee.

If ¢ is the square loss and dy is the Euclidean norm, we have

R (f2) = Run(f) < (B[ £-@)| +E | f(@))| + 2Dy) dv, (-, F)

and

E|f()| < E||F2) - v]| + Dy < VRaw(F) + Dy < \/Roo(h*) + Dy

and E[|f.(z)]| <e+E Hf(fv)

, which allows us to conclude.

O]

Proof of Lemma 2.3. Recall that the collection of independent variables involved in P, are
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(wi,2i,y:) for 1 < i < n, and Usj, i < j in case of random edges. Our goal is to apply a

generalized version of McDiarmid’s inequality [33] (Thm. 2.4).

Under the event that (A, Z) and (A4’, Z’) both belong to G, when there is an index j such that
(xj,yj,2;) varies: the node features change by one component — ie, Z and Z’ are different only
on index j, same thing for the labels Y,Y”’, while the adjacency matrix A’ varies from A by

column and line j. Hence

WA, Z)i,y:) Zﬁ h(A', Z")i, y5)

1

*( ‘ZE(h(A, Z)isyi) — (WA, Z)i, i) Zf Z)isyi) — LA, Z")i, yi)

+ (A 2)55) = 0N 25,50 )

When the loss is Lg-Lipschitz, it results in

1

— U(h(A, Z)i,yi (WA, Z");

- 2; (A  Yi) Z Y1)
1
<—|L dy(h(A,Z)i, h L dy ( AZlhA/Z/Z- 2¢cy,
n(ZZY ; +€ZY ,(,)H‘C)

<ei=c (Lg(Aﬁ +AZ) + 2cg>)

In case of random edges, a variation in U;; results in the same manner to a variation of c;j =
LZA” . We compute 3, ¢; +37;; ¢;; and \/Z * + >;j(ci;)? and applying Thm. 2.4 we obtain the
result.

When the loss is the square loss and dy is the Euclidean norm, since max; ||h(A4, Z);|| < ) +Dy
for graphs in G,, by Assumption 2.2,

A Zlvyl Zg l7yz)

< %(2@;@ +Dy) Y |[(A, 2); = h(A', 2),)

+2(clf) + Dy) D [|(A, Z2); = h(A', Z)i]| + 4(clf) + Dy)Dy)
()
<L ¢ i= M (Aﬁ + A,ZL + 2Dy)
n
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In case of random edges, a variation in Uj;; results in the same manner to a variation of c;j =

(£) a
2(C”+DY‘”)A". The end of the proof is the same.

Proof of Thm. 2.3. The proof is very classical, we provide it here for completeness. Let ¢ =
1/y/n, and let hq,..., hpy be an e-covering of H. Using a union bound and Lemma 2.3, with
probability 1 — d — N'p,, for all h; we have

R(hi) — Ra(hs)| < (D +nLAL + Cp)pn + (D + VRLAY)

log(N/9)

When the loss is Lipschitz, we have ‘ﬁ(h) — R(W)| < Lydy n(h, h') and similarly for R,,. Thus,
for any h € H, considering h; such that dy ,(h, h;) < €, we have

R(h) — R(hi)| + |R(hi) — Rn(hi)| + |Rn(hi) — Rn(h)]

log(N/9)

R(h) = Ru(h)| <

< 2Lge + (D + nLA% + CO)p, + (D + VRLA?)

which completes the proof.

When the loss is the square loss, we have ‘ﬁ(h) —R(W)| < (Cff) + Dy)dy n(h,h') and similarly

for R, the end of the proof is the same.

2.B Technical Material

Theorem 2.4 (Generalized McDiarmid’s inequality [33]). Let (X1,...,X,) € X =[[L, X; be
independent random variables, and f : X — R. Assume that there is J € X such that: for all
X, X" €Y such that X; = X except for some indez i,

[f(X) = f(X)] < e

and denote p = P(X € Y). Moreover, assume that |f(X)| < C with probability 1. Then with
probability at least 1 — § — p,

F(X) =Ef(X S p el +C) + llelly /log(1/6) (2.55)

where ¢ = (¢1,...,¢Cn).
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Summary

In this chapter, we apply the framework of the previous chapter to Graph Neural Networks

and bound their generalization error. In more details:

— For S-GNNs, we will study the three error terms in the excess risk decomposition.
We will derive generic convergence conditions on S and instantiate two examples of

S and two examples of PEs. Universality will be obtained in some specific cases.

— For other examples of Message-Passing, including attention-based ones, we will
study the transferability error, based on a stability-based concentration bound. We

will leave the other error terms still open.

For S-GNNs, the transferability error was studied in [NK14, NK13], the approrimation
error was studied in [NK15], and the estimation error was studied during the internship of
Y. Viegas and is still unpublished. For general models, the transferability error was studied
during the PhD thesis of M. Cordonnier [NK1], co-supervised with N. Tremblay and S.

Vaiter.

In the previous chapter, we have introduced a general framework for characterizing the gen-
eralization error of node tasks on LPMs, with an excess risk decomposition in three terms:
transferability error, estimation error, and approximation error. Most of the properties that we
introduced relied on the notion of P-convergence on LPMs, that is, the notion that node pre-
diction models converges toward function on the latent space, that can then be analyzed with
regular ML tools. We then left the question: to what models do these notions actually apply?
Unsurprisingly, in this chapter, we study Graph Neural Networks (GNNs), that we have intro-
duced in Chapter 1. We will in particular focus on S-GNNs, for which all conditions can be
deported to convergence conditions directly on S, which has a long history [12, 94, 129, 92, 146].

The chapter is organized as follows:
— In Sec. 3.1, we give a brief reminder on GNNs from Chapter 1 and introduce our main
examples of message-passing.

— In Sec. 3.2, we examine the case of S-GNNs. We will be able to bound the transferabil-
ity and estimation errors by deriving directly convergence conditions on S, and derive

universality for the approximation error in some specific cases.

— In Sec. 3.3, we examine several examples of general message-passing schemes and bound

their transferability error. We obtain different rates depending on the case.

As before, all proofs (and sometimes more detailed versions of the theorems) are available in

Appendix.
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Chapter 3 — Generalization of Graph Neural Networks on Latent Position Models

Notations. We will need several notations. We recall that for a vector z, we have [|z[|, =
(> ]zi]q)l/q, and for a graph matrix S, the norm [|S||, = max. [|Sz||, /[[2[|,- When omitted, we
have ||z|| = ||2||, the Euclidean norm and ||S|| = ||S||, the largest singular value of S. Note that

we will also use ||6|| the operator norm for the weight matrices.

All along the chapter, 9 is an LPM, with a compact latent space X C R%, and kernel
Wn(x> l‘,) = anw(a:, l‘,)

with sparsity level ay, 2 logn/n. Using the notations of the last chapter, the output space will

be Y = R%, and its metric dy the Euclidean norm. Regarding the results of the last chapter,
this allows for any Lipschitz loss or the square loss. For a node features matrix Z € R™*¢ and

q > 1, it will be convenient to define the norm
1 n 1/q
12142 = <n > IIZz',:H3> (3.1)
i=1

1/q
such that, e.g., (% o dy(z, zg)q) =Z -2 This is convenient to express B-convergence

of order g (Def. 2.2). When we let ¢ — oo, we obtain [|Z]|, , = sup; || Z;.| (which no longer

q,2,n°

depends on n).

Finally, we denote by B(X) the set of bounded functions f : X — R, and by B(X)? if the
output is d-dimensional. For instance, B(X )dy C Fgqu in the notations of the previous chapter.
For f € B(X)?, we define 1xf = [f(x;)]".; € R™? the sampling operator that returns the

function f evaluated at the latent variables as rows of a matrix.

3.1 Reminder on GNNs

In this section, we recall some basic definitions on Graph Neural Networks (see Chap. 1) and

give important examples on which we will illustrate our theory.

3.1.1 GNNs

As we mentioned in the introduction, the overwhelming majority of GNNs follow the message-
passing paradigm: at each layer, messages are transmitted along the edges of the graph, and

aggregated to form new node representations Z*) € R"*d  ag

z" = AGGy, (fol)’ {(S”” Zﬁ*U) }jemn)
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3.1. Reminder on GNNs

where AGG®) is an aggregation function that treats {(sij, Z;ﬁ_l))}jeN(i) as an unordered set.
Often, node representations at the initial layer are directly the node features Z(© = Z, or

Positional Encodings, as we describe below.

S-GNN. Very often, the GNN is a so-called S-GNN, or S-MPGNN. Given a representation
of the graph under the form of a matrix S = S(A), the GNN is written as

AL (Z(kl)ﬁék) + Sz lnb(’“)T> e R §o(A,Z) =20  (3.2)

where S = S(A),Z© = zO)(A, Z) are PEs, 92“;) € R%*dkt1 gre learnable weight matrices,
b(k) € R is a learnable bias vector, and pr : R — R are activation function applied elementwise.
There are many examples of such graph matrix .S: normalized adjacency, normalized Laplacian,
with added self loop... The only property that S = S(A) must satisfy is equivariance, since it

implies equivariance of the GNN. We will see two particular examples below.

3.1.2 Augmenting the node features: Positional Encodings

As we have seen in the introduction (Sec. 1.3.3.3), in the overwhelming majority of situations,

one will just consider the node features Z as input to the GNN:
70 =z (3.3)

Nevertheless, in some situations, or one may want to augment them with other graph-related
quantities that are generally called Positional Encodings (PE) [45, 17], by analogy with Trans-

formers . We will use the generic notation
7O = 7O (A, 7) (3.4)

where Z(©)(.) can be any permutation-equivariant function, trainable or not. Here we leave
the definition of PEs voluntarily general (they can be anything), although in practice they are
usually relatively simple and not trainable: the eigenvectors of the Laplacian, etc. We will see

two examples in the following section.

3.1.3 Examples

We now present several running examples: of S-GNNs, of more general message-passing schemes,
and of PEs.

1. even if, as we mentioned in the introduction, they bear little similarity to PEs in Transformers.
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Chapter 3 — Generalization of Graph Neural Networks on Latent Position Models

3.1.3.1 Examples of S

We introduce two classical examples of graph matrix S.

Example S1 (Adjacency). The first example is the adjacency S = A/(nay,) normalized by nay,,
where oy, is the sparsity level of the kernel W,,. For simplicity, we assume that o, is known.
Example S2 (Normalized Laplacian). The second example is a degree-normalized adjacency
related to the symmetric normalized Laplacian S = D~Y2AD=1/? = Id — Lgym where D =
D(A) = diag(Al,) is the diagonal matriz of degrees. We will sometimes refer to it as “Laplacian”
although it is actually Id — L, since the “identity” factor can be emulated within the GNN.

Note that Ex. S1 involves a careful normalization by the sparsity level, which is required for our
convergence results later on. We assumed that it is known for simplicity, but of course it would
have to be estimated in practice, which is not a well-defined endeavor when one observes only
one single training graph! On the contrary, the degree-normalized adjacency does not require
to know «y, (the degree is an “automatic” normalization), which is why it is often preferred in

practice. Nevertheless, some of our results will only be proven for the adjacency.

Note that another classical example is the random walk matrix S = D~!'A, however we do not
use it in this chapter since it is not symmetrical and therefore quite complexify the computations.
It is however a particular case of Ex. MPGNN2 below, quite popular in practice, and key in

some studies on oversmoothing (Chapter 4).

3.1.3.2 Examples of other message-passing scheme

Here we introduce other examples of message-passing schemes, which are not S-GNNs. These
examples are from our paper [NK1]. We denote zi(k) = Zi(f) for short.
Example MPGNN1 (Graph Attention Network (GAT)). Graph Attention Network (GAT?)
were introduced by [151]. Inspired by the attention mechanism in Transformers, attention coef-
ficients are computed along each edge of the graph at each layer, using the node representations.
Then normalized sum-aggregation is performed with this coefficients:

" Z?:l (k) (Zi(kfl)’ ZJ(-kil), aij) m(k)(zj(kfl))

z, = (3.5)

l j=1 c®) (Zi(k_l), 21, aij)

where m®*) : R%-1 — R¥% s some mapping (often an MLP), and c(k)(zi(k),zj(-k),aij) € Ry are
attention coefficients that depend on the node representations at each end of the considered edge,
and on the edge weight a;j. Often, these coefficients are computed only along existing edges,

such that c(-,-,0) = 0. A common choice is to choose exponential coefficients, such that the

2. The correct acronyme GAN was already very well-known in ML as Generative Adversarial Networks.
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3.1. Reminder on GNNs

aggregation operation is a soft-mazx, traditionally found in Transformers.

While this is not an S-GNN, note that the aggregation step in GATs can still be written as
H®) = 5(z*)) z*) (3.6)

instead of SZ with a fixed matrix S.
Example MPGNN2 (Generalized mean). Generalized means [80] are defined as bla

o (w< 2 e k)(z”('k_l)))) 7

for some invertible function g (possibly defined on a bounded domain), generally applied component-
wise. In this case, following the popular formalism from [78], in order to legitimately be consid-
ered as a “generalized mean”, some reqularity conditions are required on g, typically, it must be
a strictly increasing continuous function. For instance, taking g(x) = e* (assuming positivity of
the inputs for invertibility) yields the geometric mean, while taking g(x) = z'/? (again, assuming
nonnegativity of the message if necessary) yields a power mean as employed in the moment-based

aggregations from [34] (up to centering, which we omit for simplicity).

Note that, by taking g = Id, we indeed find a S-GNN with the random walk matrix S = D~ !A.
However, we will still treat it as a general MP rather than a S-GNN.
Example MPGNNS3. Finally, an example drastically different from the previous ones is the
so-called maximum aggregation. It is mentioned in the literature [61] but less common in practice.
zi(k) = max (aijm(k)(z](-kfl))) (3.8)
J

where the maz is taken componentwise along the dimension dy,.

3.1.3.3 Examples of PEs

Let us now turn to some example of PEs, from our paper [NK13].

Example PE1 (Spectral PE). It has been proposed [45, 46] to feed the first q eigenvectors of the
graph into the GNN, for a fized q. A potential problem with this approach is the sign ambiguity
of the eigenvectors, or even the basis ambiguity in case of eigenvalues with multiplicities. Here
we consider only the sign ambiguity for simplicity. The sign ambiguity was alleviated in [89] by

taking a sign-invariant function: considering an eigenvector uf of S,

(QF)(uf) < fuf) + f(—uf) e R™P (3.9)
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test error=0.018 s test error=0.565
15 1 - L]
o% 0.10 By 0s % [\
” l"‘. »* 00 F B e o
05 Trai ... 0.05 : }' os ; ki) 041 &P . 2 »
o rain g g ol o Train %y L & . 02 N !J’
0.0 . 3 - . -
Test o Test ” T \‘ » 00 .
-05 —0.05 -1 ‘9$ 4 % . o2 \. <
1o b"’f N o) e gh| $#
. -25 A -0.4 oS

-15
-1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00 ~1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00 -1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00 -1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00

Figure 3.1 — Illustration of the role of the SignNet architecture and of the renormalization by +/n of
the eigenvectors on synthetic data, with a latent space X = [—1, 1] (z-axis), a Gaussian kernel w, and
uniform distribution P,. Blue dots represent a graph from the training set, orange dot a test graph that
is twice bigger. From left to right: eigenvectors with renormalization (with a different sign for the
two graphs), eigenvectors without, PEs with, and PEs without, with the regression test errors of a GNN
trained using these PE with or without renormalization by /1. We observe that SignNet indeed fixed the
sign ambiguity. The absence of renormalization yields unconsistent PEs across graphs of different sizes,
which results in a high test error on test graphs than training graphs. Figure from [NK13].

where f : R — RP {s a function applied to each coordinate of uf to preserve permutation-
equivariance. The resulting function is sign-invariant, and one can parameterize f e.g. as a
MultiLayer Perceptron (MLP). Given the first q eigenvectors uf and a collection of MLPs f,, :

R — RPi for some output dimensions p;, the entire PE concatenates the outputs:

ZI0(S) = [(Qfy) (Vnud L, € RV (3.10)

where p = Y"1, p; and the MLP are applied element-wise. The parameter v gathers the ;. The

equation (3.10) involves a renormalization of the eigenvectors u® by the square root of the size of

S
Uy

the graph /n: indeed, as uf is normalized in R™ as ‘ =1, this is necessary for consistency
across different graph sizes. See Fig. 3.1 for an illustration.

Example PE2. In [88], the authors propose to define PEs through the aggregation of a set
of random walk “distances” £(i,j) from each node i to a set j € Vp of target nodes (typically,

labelled nodes in semi-supervised learning, or anchor nodes selected randomly [166]).
(27 = AGG({&(i,) | j € Vr})

For simplicity, since here we do not consider any particular set of target nodes, we just consider
Vr =V the set of all nodes. Moreover, we replace the random walk matriz with some graph shift
matriz S. As aggregation, we opt for the deep-set architecture [169], which applies an MLP on
each £(i,7) then a sum. Deep sets can approrimate any permutation-invariant function. As we

will see below, with the proper normalization to ensure convergence, we obtain:
ZONERS o [Sej, ..., S5%;]) e R™*4 (3.11)
5 —nzvn ej,...,S%; .
J

where fy : R? — RP 45 an MLP applied row-wise and e; € R™ are one-hot basis vectors. As we
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3.2. Generalization error of S-GNNs

will see later, for our examples of S, to ensure proper convergence S can be chosen as some
filtering S = h+/(S) to remove the low eigenvalues of S, similar to the USVT method [28].

3.2 Generalization error of S-GNNs

In this section, we fully bound the excess risk for S-GNNs (3.2). As we have seen in the last
chapter, our analysis mostly relies on the notion of J-convergence (Def. 2.1 and 2.2), that
is, the notion that functions on random LPM graphs converge towards functions on the latent
space. From this, we were able to relate all the various errors in the risk decomposition (2.29)

to more traditional quantities for functions on X.

Hence, we will naturally start by showing B-convergence for S-GNNs. It will entirely rely upon
some notion of convergence of the operator S itself, which is a well-known type of results for

graph operators.

In the whole section, the non-linearity will satisfy the following.

Assumption 3.1. The functions py are 1-Lipschitz, and |pg(x)| < |x]|.

3.2.1 ‘B-convergence and transferability error

The main strategy for S-GNN is that, in many cases, the matrix .S will converge to an operator
S : B(X) — B(X). This type of results on graph operators has been studied for a long time
(94, 129]. When similarly Z(©) is §3-convergent to some f(0) € B(X)%, this allows us to define the
family of limit functions Fy, that we like to refer to as “continuous GNNs” (cGNN). Here, S-
c¢GNN are built by propagating functions over the latent space instead of graph signals,
and replacing S with S. For a S-GNN &y, the same set of parameters 6 define a S-cGNN as

T T
F8 = ppo (Oé’“) FO=D 4 gl g p(k=D) +b(k)), ®5(S, fO) = 1) (3.12)

where f(*) € B(X)% are multivariate functions, for which Sf*) = [Sfl(k), el Sftgf)] is applied

to each coordinate, and similarly for the non-linearities pj o f¥) = [pK © fl(k), ey PEO f(gf)].

Let us now state our assumptions on the convergence of individual elements. In the rest of the
section, we consider some g > 1 to express J-convergence of order ¢ (Def. 2.2), which brings a
measure of flexibility to the various assumptions that we need to prove in each example. While
q = 1 is sufficient, for S-GNNs ¢ = 2 will often be more convenient, as it involves the spectral
norm. The convergence of the operator S will be the following.

Assumption 3.2 (P-convergence of S). For any f € B(X), assume that the function (A, X) —

) (S,9)

Sux f is P-convergent of order q towards Sf with rate || fl| i3 , where ry, " — 0.
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Chapter 3 — Generalization of Graph Neural Networks on Latent Position Models

Remark that (A4, X) — Sitx f is a valid equivariant function that uses directly the (unobserved)
latent variables X: it is mostly an abstract object that serves to express the convergence of S,

and not something that is computed in practice.

Naturally, we also need convergence of the input node features/PE.
Assumption 3.3. The Positional Encodings Z(O)(A, Z) are B-convergent of order q towards
O e B(x)% with rate rZ9 0.

The prototypical example of convergent input node features/PE is when the node features

Z = 1xf© are themselves a sampling of some function over the latent variables, in which case
(2)

ry . = 0.

Finally, various elements need to be bounded, which for some examples will only happen with
high probability, similarly to Assumption 2.2. The assumption below is generally mild.
Assumption 3.4. For the same set of graphs G, C &,, as Assumption 2.2, assume that:

S0 i A,2)eg PO i (A, Z)€eg
nan<{c TAD G o o ARG
q,z,n

otherwise otherwise

Then we have the following result, presented here in a simplified version. A proof and detailed
version are available in Appendix.

Theorem 3.1 (B-Convergence of S-GNN). Suppose that Assumptions 3.2, 3.8 and 3.4 hold.
Denote by p, = Po(GS) the probability that (A, Z) ¢ G,. Then ®y is P-convergent of order q
towards ®5(S, f(0), with rate

O S D 4 189 1y (14 CED) (1 4 CS ) (314

p(k)

2 7

f(o) H and cgqu) .

where the multiplicative constant depends polynomially on H@gk)
(e.)

As seen in the last Chapter, this means that such S-GNNs are indeed in Hyj; 0, and that under
Assumption 2.1 on the loss, their limit risk is the regular ML risk applied to the cGNN:

Ri(®9) ——— Roo(®) = Rare(B5(S, /) (3.15)

Moreover, by applying Prop. 2.3, if we consider a set of S-GNNs Hg = {®y | § € O} with

bounded parameters 6, the transferability error is directly bounded:

SUp [Rn(®g) — Roo(®g)] < supr?® — 0 (3.16)
6cO 0

where the multiplicative constant is either the Lipschitz constant of the loss, or depends on ©
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3.2. Generalization error of S-GNNs

for the square loss (see Prop. 2.3 and Lemma 3.1 in Appendix).

To summarize: when the graph operator S converge to a functional operator S (Assumption. 3.2),
then the risk for node tasks of the discrete GNN R,,(®y) converges to the regular ML risk of
the continuous GNNs Ry (®5(S, (). Continuous GNNs then become the central object of
interest: in particular, we will be able to prove that they are sometimes universal as functions

on the latent space X in Sec. 3.2.4.

3.2.2 Estimation error

In the previous chapter, we bound the estimation error with a stability bound (Assumption 2.2)
and a covering numbers approach. As before, Assumption 2.2 can be deduced from a stabil-
ity property directly on S and Z (0). We state this in the assumption below, which is (rather
pointlessly, but unavoidably) verbose.

Assumption 3.5. In the following, we denote by S = S(A), 8" = S(A"), 20 = ZO)(A, Z) and
7' = ZO)N (A, Z"). Assume that there is a set of graphs G, such that, for all (A, Z), (A, Z') €
Gn:

— if Z=2"and A, A’ differs on only one coordinate A;;,
- ©) _ (0
Z |S€k - Sék| < Agl’s7 Z HZk,: B Z/k,: H < A?Z’Z
k=1 k
— if Z=2', and A, A’ differs on one line A;. and the corresponding column A. ;,
n

S Is - shl < A5, A0 - 20 < a7
0,k=1 k

— if A= A" and Z,Z' differs on one sample z; # 2},

(29 - 70 < 837
k

The proof of the following result, and a more detailed version, is in the Appendix.
Theorem 3.2. Let @y be a S-GNN. Suppose that Assumption 3.5 holds, and that Assumption
3.4 holds for ¢ = 1 and g = co. Suppose that the loss satisfies Assumption 2.1. Then Assumption
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2.2 and 2.3 are satisfied, with

7S 7Z
AL S AR+ AR

AL S A

D =0()
where the multiplicative constants depend polynomially on HH(()k) ’ , ‘ ng)’ , b(k)H, c&s’l),cﬁf’”),
and C%Z’OO). Moreover, C'g) depends polynomially on HG(()k) , 9§k)H , Hb(k)H, and C’T(LS’OO), ,SZ’OO).

Now let Hg = {®g | 6 € O} be a set of S-GNNs with parameters in a bounded set ©. To apply
theorem 2.3 and bound the estimation error, we need to bound its covering numbers. For this

we introduce the metric between parameters 6, 6’

o\

|

and we suppose that maxgce ||6||g < De. Then we have the following.
Proposition 3.1. Suppose that Assumption 3.5 holds, and that Assumption 3.4 holds for ¢ =1

10l = max max (| 6" b)) (3.17)

k

I

and g = oo. Then

dim(0)
N(H@7€7 dY,n) 5 (f)

2L
where dim(0) is the number of parameters in the GNN, and D is polynomial is in O(D%LCflS’OO) C’,(LZ’OO)).

Hence, applying Theorem 2.3, assuming that all the multiplicative constants are in 0(1) and
considering that p,, is negligible, we obtain that the rate for the estimation error of S-GNNs is
approximately

dim(0) logn

(A + A7 4 Vn(aw + Ag7)) .

(3.18)

We apply it to our examples in the next section.

3.2.3 Application to examples

In this section we bound the transferability and estimation error for our examples of S-GNNs
S1 and S2, and PEs PE1 and PE2. In particular, we give their limit values S and f(©.

Recall that to bound the estimation and tranferability error, we need to satisfy:

— Assumptions 3.2 and 3.4 for the same q. Here, we will consider ¢ = 2. This will yield
PB-convergence of order ¢, and recall that order 2 implies order 1.
(8,1)

— Assumptions 3.4 or ¢ = 1 and ¢ = oo (technically, for ¢ = 1 only the constant ¢ is
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3.2. Generalization error of S-GNNs

required), and Assumption 3.5, which bounds the estimation error.

3.2.3.1 Graph operators

Here we study our two examples of S, and give the final rate of convergence when we omit the
PEs.

Proposition 3.2 (Tranferability and Estimation error for Ex. S1). Consider the LPM random
graphs (2.32) with iid latent positions x; ~ P, and Bernoulli edges a;j ~ Ber(opw(x;, x;)), with
an 2 10%‘ Take S = A/(ann), and define

Sf(x) = / w(z,2) f(y)dPu(a') . (3.19)

Then
— Assumption 3.2 is satisfied with ¢ = 2 and
(s2) - L [de
n

" Jann

— For any M, there is a constant Cp; such that Assumption 3.4 is satisfied for S with
pn=n"M and 025’2) =2, 07(15’2) = Chr/ .

— For the same p, as above, Assumption 3.4 is satisfied with 5V = ¢(50) = O(1), and

C3®) = 1/a,.
— for the same p,, as above, Assumption 3.5 is satisfied with A% = 1/(nay,) and A%A’S) =
0(1).

As a consequence, in the risk decomposition (2.29), omitting the rate of eventual PEs, the trans-

ferability error is in

and the estimation error is in

0 ((ain + %) dim () log(n)) .

The proof relies on concentration for matrices with Bernoulli entries [83], to get rid of the
random edges, then convergence towards continuous operators, which can be shown e.g. by
chaining [NK14].

Proposition 3.3 (Transferability and Estimation error for Ex. S2). Consider the LPM random
graphs (2.32) with did latent positions x; ~ P, and Bernoulli edges a;; ~ Ber(oanw(z;,;5)).
Assume that dy(z) := [ w(z,y)dPs(y) > cmin > 0, and oy, > 8™

Cmin
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Take S = D_%AD_%, and define

w(z,2’)

Sf‘x>::/;dngyhquf“x”df%“”>' (3.20)

Then

— Assumption 3.2 is satisfied with ¢ = 2 and

1 d
(372) — _2 i
Tn Cmin ( ’Tnn + n )

(5,2)

— Assumption 3.4 is satisfied for S and ¢ = 2 with ¢, =1, p, = 0.
— for any M, there is a constant Cys such that Assumption 8.4 is satisfied for S with p, =
n~M and SV = (5% = Chy/emin.

— for the same p, as above, Assumption 3.5 is satisfied with A?L’S = O(1/(cminnay)) and
A = 01/ k).
As a consequence, the transferability error and estimation error are of the same order as Prop. 3.2

for the adjacency matriz, up to some multiplicative factor depending on Cmin-

The proof is similar, using a concentration bound for Laplacian that we developed in [NK12].

3.2.3.2 Positional Encodings

The results in this section are from [NK13], in collaboration with S. Vaiter.

Here we show ‘B-convergence for our examples of PEs (Assumptions 3.3), whose proof can be
found in [NK13]. For simplicity, we do not compute the probabilitic bounds (Assumption 3.4): in
preliminary computations, I found them to be extremely verbose and filled with proof artifacts
and suboptimal rates that would need to be fixed (e.g. using convergence in supremum norm

(2).

for eigenvectors, etc.). I focus on the rate of convergence ry,

For simplicity, we place ourselves in the framework of our paper [NK13] and assume that the
LPM is either a SBM (finite X') or that w is a p.s.d. kernel 3, although the proof could probably
be generalized.

Assumption 3.6. Assume that X is finite, or that w(z,z) is a p.s.d. kernel.

Proposition 3.4 (Tranferability and Estimation error for Ex. PE1). Consider the LPM random
graphs (2.32) with iid latent positions x; ~ P, and Bernoulli edges a;; ~ Ber(anw(z;,z;)).
Suppose that Assumption 3.6 holds, and that S is either Ex. S1 or S2.

3. such that we may call convergence results from the RKHS theory as in [129].
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3.2. Generalization error of S-GNNs

Consider the spectral PE Ex. PE1:

Z00(8) = [(Qfy) (Vrud)]L,

and define u$ the eigenfunctions corresponding to the operator S (defined in (3.19) or (3.20)),

and

A9 =1Qf) W), (3.21)

Then, ZSO) 1is P-convergent towards fv(o) with rate

7“7(1Z’2) _ 74515,2)

The proof, which we do not detail here and can be found in part in [NK13], essentially relies
on Davis-Kahan theorem [167] to relate the eigenvectors to our convergence results in operator
norm, and convergence of the eigenvectors of S to those of S for our simplified kernels [129].
Proposition 3.5 (Tranferability and Estimation error for Ex. PE2). Consider the LPM random
graphs (2.32) with iid latent positions x; ~ P, and Bernoulli edges a;; ~ Ber(anw(z;,z;)).
Suppose that Assumption 3.6 holds, and that S is either Ex. S1 or S2.

Consider the distance PE Ex. PE2:
1 N N
Zgo) = g Z f,y (n : [S’ej, ceey SqejD
J
and define
O = /fV ([S62(-), ..., 896,()]) dPy () (3.22)

where S,(-) = w(-,x) in the adjacency case or Sox(-) = w(-,x)/\/dw(-)dw(z) in the Laplacian

case.

Then, choosing S = 1x>+,(S) a filtering of S that removes the low eigenvalues below a threshold

Vs Zgo) is P-convergent towards f7(0) with rate

1
(Z2,2) _
Tn @ <(nan)1/4>

The proof relies on the choice of S as the so-called Universal Singular Value Thresholding
(USVT) [28], which allows to obtain concentration of S in Frobenius norm rather than operator

norm, to the price of a slower rate.
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No PE, Train No PE, Test PE, Train PE, Test
. . . ° . o L] . .
.o < : c. . . .. < : o. ° .
o & o o . . o o
. . o .

Figure 3.2 — Ilustration of universality of GNNs with PEs on SBM. On an SBM with constant degree
function, a GNN without PE might overfit the training set, but converges to a constant function, and

fail at test. On the contrary, with PEs, GNNs are universal, and training succed (bottom). Figure from
[NK15].

I use the USVT in several papers [NK8, NK5], where I show additional concentration prop-

erties depending on the choice of the threshold.

3.2.4 Approximation error and universality

The results in this section are from [NK15, NK13], in collaboration with A. Bietti and S.

Vaiter.

The only missing piece in the risk decomposition (2.29) is now the approximation error. As
detailed in the previous chapter, through J-convergence, in can be linked to the approximation
power and eventual universality of the limit functions on the latent space, arguably a far more

convenient /familiar notion than discrete GNN “expressivity”.

We report here the results from [NK15, NK13] without proof. For all the following results, we
consider S as the adjacency matrix (ex. S1) and distance-encoding PE (ex. PE2), and LPM with

random edges W,, = a,,w with SBM or p.s.d. kernel w (Assumption 3.6), with other additional
(

hypotheses in each cases. Hence, universality means that, when we let Hik), b%) grow in norm and
dimensionality (as measured by some 2(f) < R for increasing R), S-cGNNs can approximate

any function in some set C: for all f € C and £ > 0, there is R and 6 with Q(6) < R® such that
|@58. rO) - f| <<

where here S is defined as (3.19) and f(© as (3.22). We have universality in the following cases.

SBM. If X ={1,...,K} is finite, the probability matrix C' = [w(k,f)]ifezl is invertible, and
the (finite) distribution P, is such that for all s € {—1,0,1}%, sT P, = 0 implies s = 0, then
GNNs are universal for all functions. This is illustrated in Fig. 3.2. It means that, asymptotically,
GNNs are able to identify communities in SBMs with a,, ~ logn/n, which is the state-of-the-art

for spectral clustering. However, GNNs must be trained! The sample complexity depends on the

84



3.2. Generalization error of S-GNNs

approximation rate, which is unknown. In all probability, unsupervised approaches remain far

superior to GNNs for clustering on SBMs, and the interest here is mostly theoretical.

Additive kernel. If
w(z,x') = v(u(z) +u(z'))

with u, v continuous and injective functions on their respective domains, then GNNs are universal
for continuous functions. The proof essentially relies on the ability of (universal) MLPs to invert

u,v and “recover” the latent variables, from which universality can be obtained.

Note that any kernel might be approzimated by such additive kernel [169], but here we consider

exact kernels of this form, which are not common.

Unidimensional radial kernel :if X =[—1,1] and
w(z,2") = v(jz — 2'|)

with continuous injective v, and P, is symmetric (that is, Py([a,b]) = Py([—b, —a]) for all
intervals), then GNN are universal among continuous and symmetric functions. If P is not

symmetric, then GNNs are universal for continuous functions. This is illustrated in Fig. 3.3.

Radial kernels are very common, in fact most kernels in the random graph literature depend
on some notion of distance between the latent variables: this is the basic intuition to create
homophilic graphs. Our current proof technique is however limited to uni-dimensional latent

variables.

Spherical kernels : If X = S? ! is the d-dimensional sphere and
w(z,z') =v(z"z')

with continuous injective v, and P, has a density p w.r.t. the uniform distribution on the sphere

such that: the unique decomposition p(z) = > 4 Z;y:(f’k) ay ;Y j(x) where Y}, ; are spherical
N(d,k)

harmonics is such that @ — [3°,°7" ak ;Y% j(2)]x is injective (see [NK15] and references therein

for details on harmonic decomposition), then GNNs are universal.

Dot product kernels are in fact radial kernels on the sphere, and are therefore very common in
the literature [113, 4, 144]. In particular, statistical estimation using dot-product kernels can be

done using the powerful machinery of spherical harmonics [3].
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Figure 3.3 — Illustration of universality for unidimension radial kernel. The x-axis is the (unknown) latent
variables in X = [—1,1]. The y-axis is the output of a GNN trained to approximate some function f (red
curve). On the left, both distribution P, and f are symmetric, GNNs are universal in that case. In the
center, P, is symmetric but not f, and the training expectedly fails since the limit GNN is symmetric.
On the right, P, and f are non-symmetric, and universality holds again. Figure from [NK15].

3.3 General message-passing

The material in this section was developed during M. Cordonnier’s PhD thesis. It is con-
tained in the paper [NK1], in collaboration with N. Tremblay and S. Vaiter.

Let us now turn to our other example of message-passing, that are not S-GNNs: attention-based
(Ex. MPGNN1), generalized mean (Ex. MPGNN2) and maximum aggregation (Ex. MPGNN3).
Here, I am going to report the results in [NK1], which proves B-convergence with a bounded
difference approach. Crucially, the theory that we develop here is valid only for non-random
weighted edges a;; = w(x;, x;), and we assume w(-) = Wmin for some wyiy that will vary depend-
ing on the example. In most cases, handling the Bernoulli edges is still open. Roughly speaking,
in the previous case of S-GNNs the S operator has a “smoothing” effect that averaged out
the Bernoulli noise, which can no longer be supposed to hold for general MP. For simplicity,
we also avoid dealing with the convergence of Positional Encodings: input node features are
Z0) = 5 fO),

For the sake of brevity, I am not going to show stability and bound the estimation error,
although this could probably be done without too much difficulty under the right hypotheses.

Similarly, convergence of PEs could without doubt be incorporated, but I skip it here.

In terms of notation, we will shorten general MP as:
2 = FOOEEY (T g, #(4,2) = 20 (3.23)

1)

where F'(®) are aggregation functions that treat the set of neighbor representations {(z](k_ s Qi) Yy
as a (multi)set, i.e., in a permutation-invariant manner. Our general strategy is to assume that
individual aggregation fucntion converge at each layer, and express convergence with stability

hypotheses and an approach based on McDiarmid’s inequality.
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3.3. General message-passing

Definition of the limit. Unlike the previous S-GNN, for general MP the very definition
of the “limit” ¢cGNN is more convoluted than simply replacing the discrete operator S by its
continuous counterpart. Let us start by noticing that, if the node representations at layer k — 1

were a sampling of a function Z*~1) = ;5 f, then the layer k would be of the form:

oW = FED(f (), {(F (), wlwi, 27)) }j2i)

since a;; = w(z;, z;). Hence, when, n — oo, this motivates us to consider limit functions of the

form

O (@) = FED (fED (@), (FED w(z, ), @ = f* (3.24)
where (f(k), w(z, )) is a shortcut notation for the map a’ — (f(k)(m’), w(z, :1:’))

By stacking such layers, we can recursively build a “continuous GNN” which propagates functions

over the latent space, akin to replacing S with an operator in the S-GNN case.

We will proceed in two steps: define the limit by assuming convergence of the expectation of F
then prove a large deviation bound with McDiarmid inequality, by assuming bounded difference
with respect to each x;. The next definition is a simplified version of Def. 5 from [NK1].
Definition 3.1 (-convergence of MP layers). Let F' be an GNN layer with input features of
dimension dj,. We say that F is B-convergent towards F with rate r,,(+) if, for all f € B(x)%,

sup [[Ez, F (f(2), {f (), w(z, 2i) Yizp) = F(f(), (f, w(z, )| < 7alf) = 0 (3.25)

Note that here, this is not the “vanilla” definition of 3-convergence from the last chapter, but
a specialized definition. The supremum over z, in particular, indicates that we are reasoning
with the stronger (strongest) “uniform” convergence, rather that any order-g convergence in
expectation as before. Again, it may be possible to obtain different versions of these results, but

we stick with those from [NK1] in this manuscript.

Convergence of GNN Consider a sequence of layers F1) ... F(E) and assume that they
are PB-convergent towards F(*) with rate r&k) (-). Denote by f*) the intermediate functions of the
continuous GNN (3.24). We are now ready to state our convergence theorem: under a bounded

difference assumption and mild stability bounds, we will have B-convergence of the GNN.

Our notion of bounded difference is a bit verbose, in the sense that we authorize some transform
of the function before computing the stability bounds. This is a very generic notion, but in
practice we introduce this especially to deal with generalized mean (Ex. MPGNN2).

Assumption 3.7 (Generalized bounded difference). There is a function v, assumed invertible

(on the proper domain) such that: for all k,
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1. For all x; = x, except for i =2, we have the bounded difference

sup |[o71 (F® (470 (@), {1V @), w(e, 1) }i2)) (3.26)

=y (PO (£ @), (A0 @), ol a)his) ) | <AL (327)
2. We also have bounded difference in expectation:

sup [ (Bo, ™" (F® (157D (@), {74V (@) w2}z ) )) (3.28)

— By, (F® (F5 D (@), (f4 (@), wz,edize) ) | <AL (3.29)
3. The function v is ay,-Hélder on its domain with 0 < oy, < 1:
() — @) < Ky lly — /|| (3.30)

4. Finally, we also need a global Lipschitz bound: there exists an exponent 0 < ap < 1 such
that, for all z;, z}, and Wpin, < w; < 1:

[P i {2y widin) = PO Az widio)| S max |z — 27 (3.31)

)

Then, our theorem is the following.
Theorem 3.3 ([Thm. 15 NK1], simplified). Consider a sequence of layers FO FL) ] and
assume that they are B-convergent towards F*) with rate n(f). Denote r, = maxy, r(k)(f(k_l)).

Under Assumptions 3.7, the GNN ® is P-convergent of order oo towards ®°¢ with rate

aL71

ay /2 ~
r(®) < [((Ag)inogn) v/ +A5+rn " (3.32)

n

where the multiplicative constant depends polynomially on all the quantities in the problem.

The version in [Thm. 15 NK1] is a high-probability result rather than convergence in expectation,
with a dependency on the probability of failure § that is in log(1/6), so it is easy to obtain a

result in expectation.

As before, an immediate corollary is that a set of GNNs H with bounded parameters converges

to the set of the corresponding ¢cGNNs Fy with uniform rate supg rﬁfb). Unlike the previous

examples of S-GNN, where the rate in \/nlm depended on the sparsity, with the classical 1/y/n

for dense graphs, here the convergence rate depends on multiple factors, that must be studied

on a case-by-case basis: a minima, we need Ag — 0and AL = o(y/nlogn) to obtain a rate that

goes to 0. As we will see, this is the case for all of our examples except for max aggregation,
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3.3. General message-passing

which requires a special proof in the next section.

Examples Let us now look at our first two examples. The rates are summarized in Tab. 3.1.
Proposition 3.6 (Convergence for Example MPGNN1). Consider the GAT example. Define

the continuous counterpart of (3.5):

®) (FE=D (), FE=D (y), w(z, y)) ()
/fc(k (@), F6D0), wle, Ndby) " W) (3.33)

Assume that the message functions m®) are Lipschitz and bounded. Assume that the attention
coefficients are lower bounded c¢(x,y,t) > cmin > 0, and are Lipschitz |c(x,y,t) — c(2’,y' )| <
|z — ||+ |ly — ¥/||. Then the hypotheses of Theorem 3.3 are satisfied with AE = O(1/n), AL =
0, r, = O(1/yv/n), and oy = ap = 1. The final rate is therefore O(/logn/n).

Proposition 3.7 (Convergence for Example MPGNN2). Consider the generalized mean exam-

ple. Define the continuous counterpart of (3.7):
9@ =g ([ 47 (wlenm® (D @) dr) ) (334)

Assume that the message functions m®) are Lipschitz and bounded. Assume that g is ag-Holder
and bounded, and that Assumption 3.7 is satisfied for some ap (see examples below). Then the
hypothese of Theorem 3.3 are satisfied with AE = O(1/n), AL = O(1/n%/?), r, = O(1/n%/?),

n

and oy = ag. The final rate is therefore O((log n/n)aga%m).
For ag,ar, we give several ezamples:

1. If g(x) = 27 (moment-based aggregation), then ag=1/p and ap =1

2. If g=1 is Lipschitz (and g is ag-Holder), then ap = oy. Note that for geometric mean on

a bounded domain, g is also Lipschitz, such that ay = 1.

Max aggregation The only example not covered until now is the maximum aggregation
(Ex. MPGNN3). Unlike the previous examples, it does not satisfies the bounded difference
(Assumption 3.7) with decreasing rate AF". Nevertheless, we can still prove convergence, with a

dedicated proof. We give a brief overview here, see [NK1] for details.

For maximum aggregation, convergence basically amounts to approximating a maximum by
sampling the space. First of all, this will unsurprisingly give us a slow rate of convergence that
depends on the dimension of X', as this amounts to covering the space with balls. Secondly, this
will work if the space X and the distribution P, are sufficiently “regular”, in the following sense.

Definition 3.2. We say that the probability space (X, Py) has the (g, k)-volume retaining prop-
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Example Random Edges | PE Z(® | B-convergence | Estim. error
S1. Adj. Yes Yes 1/ /anm + T’SLZ) %
S2. Lapl. Yes Yes 1/\/m+,r§12) %
MPGNN1. | GAT No No JiogTn
MPGNN2. | Gen. mean No No (log n/n)%o‘gﬂ
MPGNN3. | Max. No o (22’ /.

Table 3.1 — Summary of B-convergence rates for all examples. The S-GNNs admit random edges, PEs,
and estimation error, unlike the generalized MP for which we leave it open.

erty if for any r < 1o and any r € X,
P,(B(z,r)NX) = r\g(B(z,7)) (3.35)

where B(x,r) is the ball centered in x of radius v (in supremum norm) and \g is the Lebesque

measure in R?,

Under this assumption we have the following theorem.
Proposition 3.8 (Convergence for Example MPGNN3). Consider the maximum aggregation

example. Define the continuous counterpart of (3.8):
f®(@) = sup (w(z, y)m® (15D (y))) (3.36)
y

Assume that the message functions m®) are Lipschitz and bounded, and that the space (X, Py)
has the (rg, k)-volume retaining property. Then the GNN ® is B-convergent towards ®° with

1/ds
o < (log”) (3.37)

RN

rate

Hence we obtain, as expected, the “slowest” rate n~/% that one usually gets when filling a
d,-dimensional space. Note however that, when they can be computed, many approximation

rates R° are also exponential [6].

The rates of PB-convergence for all of our examples are summarized in Tab. 3.1. A small com-
parison of the rates of S-GNN S2 and max aggregation MPGNN3 is illustrated in Fig. 3.4.
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Figure 3.4 — Illustration of $B-convergence for S-GNN Ex. S2 on random edges (left) or deterministic
edges (center), and max aggregation Ex. MPGNNS3 (right), with respect to «,, (left) or to the dimension
of the latent space d (center and right). As described by the theory, the convergence of the S-GNN do not
depend on d, while maximum aggregation results in the slow rate O(n’l/ ). Similarly, the convergence
is severely slowed when a, is small. From [NK14, NK1].

For brevity’s sake, for this manuscript I elected to report only some numerical experiments
already present in my papers, although more experiments could (and should) certainly be
implemented to illustrate our generalization framework. All details of these numerics can be

found in the corresponding papers.

3.4 Conclusion and outlooks

In this (quite long, quite verbose, sometimes unnecessarily technical) chapter, I implemented
the results of the previous chapter for GNNs. I covered almost entirely the case of S-GNNs with
PEs, while for more general cases I limited myself to B-convergence, the most interesting notion

in our framework.

Unsurprisingly, this chapter was quite dense, with many unavoidable notations, not all of them
being very interesting (probabilistic bounds...). For brevity’s sake, I volontarily ignored some
results that could have been shown with a bit more work (probabilistic bounds for PEs, stability

bounds for general MP...).

However, unlike the chapter itself, the (few) takeaway messages are rather straightforward:

— Just as GNNs iteratively propagate graph signals with various convolution or aggrega-
tion operations, they are -convergent towards architectures that iteratively propagate

functions on the latent space, with continuous convolution or aggregation operations.

That is, we do obtain deep “continuous” models (operating on functions). Just as the ML
machinery was deployed in the previous chapter for expressing the generalization error, the

deep learning literature could be leveraged to further analyze these models. For instance,
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they bear similarities with other “limit” continuous deep models used in theoretical studies,
e.g. on images [97], and inspired by this we study the stability of cGNNs to deformations
of the LPM in [NK14].

— For S-GNNs, all results can be deduced from the convergence of S to a continuous graph

operator S, a known type of results with a long history.

— For generalized MP, the proof is more of a case-by-case basis, with limit models that are

less systematic and must be redefined each time.

— Except in a few cases, approximation error and universality are still very much open.

There are of course many open questions left, from small results that I volontarily left aside

(probabilistic bounds for PE, stability of general MP) to more profound questions.

Open questions

— In the S-GNN case, it seems possible to obtain a “uniform” type of convergence, that
would allow to report the analysis of the estimation error in the continuous domain.
Then, instead of suboptimal covering numbers, one may use Rademacher approaches
directly on the continuous limit GNNs, which, unlike their discrete counterpart, can
be easily done with classical tools. Such uniform convergence result may be obtained
leveraging convergence of S towards S in operator norm [129].

— As of now, the approximation error is still pretty much open. Several interesting questions

remain:

— approximation rates are still open but may be obtained, since they are (partially)
known for MLPs [123], and our results largely rely on the universality of MLPs
within GNNs.

— The most common case of LPMs, that of radial kernel in multiple dimensions, is
still open.

— It would be interesting to obtain other universality results with symmetries beyond
unidimensional radial kernel, since symmetries are at the core of geometric deep
learning [21].

— Finally, we may hope to show that general MPGNNs are more powerful than S-
GNNs, since this “hierarchy” of expressivity is at the core of the current GNN
literature. My best guess would be that attention-based models such as GAT, which
perform S(Z)Z instead of SZ, is a good candidate for this: it should be possible
to characterize situations where GAT are strictly more powerful than S-GNNs, in

terms of approximation error and universality.
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3.A Appendix

3.A.1 Proofs

Theorem 3.4 (Theorem 3.1, detailed). Suppose that Assumptions 3.2, 3.3 and 3.4 hold. Denote
by pn = P,(GS) the probability that (A, Z) ¢ G,. Then ®gy is P-convergent of order q towards
Dy(S, fO), with rate

L—1 L—1 L—1
r® <SS I Ap| Be+ 79 [T A
=0 | p=t+1 /=0

where

o o
By = 01" (puCi59 Dy + D) + (59D} )

-1 k—1
) o] + (H ) 7
l

=
"@2‘

N———
=
=
-

P
=
"G:\

L.

- = [0 + sl i

|

where ||S|, = supy [[Sfllo / 1/ lloo-

Proof. We bound recursively Ey, = Ep,

AL fo(k)” o Using the Lipschitz property of pi
q7 7n

and Lemma 3.2,

= |20 - uxs]

— EPank (Z(k’—l)g(()k—l) + §zk-Dglk=1) 1nb(k)T)

— i <(fo(k1))93k_l) + (xS0 Y + 1nb"“)T> I,
q,4,n

<o s 2~ )|

q,2,n

From there, again with Lemma 3.2

Ep, HSZ(k—l) — (LXSf(k_l))Hqgn <Ep, |IS|, HZ(k—l) B LXf(k_l)H

q,2,n
+Ep,

Sux fED — (xS )|

q,2,n

IR
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Hence, the first term is bounded by decomposing under the event &, = (||S]l, 59) by
Assumption 3.4:

Ep, |15, Hz(k—l) _ LXf(k:—l)H SOE (HZ(k—l) _ LXf(k—l)HqM ‘ gn>

q,2,n
O D+ 1]
where Dy, is the maximum value of HZ k)H under &f.

Q77

Finally, we have naturally

Ep, (HZ(kl) —ux fHY qun ‘ I ) <Ep, (HZ(kl) oy D)

’%27”) =FEr1

which gives us the desired recursion. We conclude using Lemma 3.1 to bound D and H ) H
o

O

Theorem 3.5 (Detailed version of Thm. 3.2). Let ®y be a S-GNN. Suppose that Assumption
3.5 holds. Then Assumption 2.2 is satisfied, with

Al < (i kﬁlu,l{ ) AL 4 (H ug> (3.38)
| p=t

>

S

N
~
]~

kf[lu,lg )N‘S (H w> (3.39)
p=~L
Az S (k u%) Az (3.40)

where

= A o0 )

Ck_ [Hukwb H+<HW> o)

For simplicity we do not give the details for Assumption 2.3 here.

Proof. Let (A, Z), (A', Z') € G, be two graphs, S, S’ their associated operator, and Z*), 7'™®) the

94



3.A. Appendiz

intermediate layers propagating by the GNN. Denote by Ej, = >,

B < 667 3]

o] (1)

Zi(k) - Z’Z(k)H. We compute

Zi(kfl) . Z/Z('kfl) H

Sij — Sij

+ HS’HlXi:)

200 _ Z/z(k_l)H>

= upEx_1 + Cy

Sy — S

ij

where C, = HZ(’“) H . which by Lemma 3.1 is bounded using ||.S||, < %) gince (A, Z) € Gy.

A simple recursion concludes the proof.

Assumption 2.3 is shown in the same manner, we do not detail the proof here. ]

Proof of 3.1. Our strategy is to show that dy ,,(®gp, Pg/) < Dy, |0 — ¢'|| o, such that N (H, e, dy ,,)
N(©,2/Dp,|"llo) S (Do Dn/e)¥™®) where the last inequality is the classical covering numbers

of a compact set of finite dimension.

N

For any A, Z € &, denote by Z(*) the layer of the GNN with parameters 6 and 7'® the layers
with parameters ¢, and E), = HZ(’“) - Z’(k)H . Note that the PEs are the same Z(© = 7/
m7

We have, using Lemma 3.2,

Fi < max
7

” (agmz;jﬂ LIS 5,20 4 w) o (e’g’“)z’g.f) LS 5,70 4 b’(k)) H
J J

<29 . o6 - 057+

e
+ 15 & <Hz(k)HOO elgk’)H Ek—l) X Hb(k) B b/(k)H

S U FEp_1+ C H@ — HIHG

Hgk) . 0/§k)" +

ol

where us = Dg(1+ [|5]|,,) and using Lemma 3.1, Cy, = (Dg + CT(LZ’OO))UZ;. We obtain a global
bound in DZF ||S ||i£ 07(12,00)’ which concludes the proof. O

Proof of Prop. 3.2. Let W = [w(z;,z;)]. By [83], for any M there is a constant Cjs such that

with probability 1 — n=M,

IS = W/nll < Cy/v/nay

and thus, since ||S — W/n|| < 1/ay, with probability 1,

-M C 1
Ep, ||S — W/n|| S °— + —2L <

Qp naoy, naw,
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Hence

1/l

naoy,

1S = W/n)ix fllyo, < IS =W/l llix fllogn S

3

Moreover, by [Lem. 4 NK14], for any f € B(X), with probability at least 1 —

Vg + \/10g (1/9)

IWexf—exSfllaon S

which similarly yields
dy

n

Ep, [Wixf —

which concludes the proof. Assumption 3.4 is similarly shown with [83].

Then, we have |[S]|; = [[Sx|| = sup; >_; [Si;| = max; d;/(nay,) (since S is symmetric), where d;
are the degrees. Under the same probability as above, by [Lemma 3 NK12] the degrees are all
such that

Vi, Cminno, < d; < nay (3.41)

where we recall that cpi, lower-bounds the degre function. Hence with probability 1 — p,,
S = 0O(1).

Finally, Assumption 3.5 is direct, again by using bounds on the degrees (3.41) for A2, O

Proof of Prop. 3.3. The proof is similar to that oof Prop. 3.2, but with [Thm. 4 NK12] to bound
HS — D}1/2KD}(/2H where Dy is the diagonal degrees of K, and [Lem. 5 NK14] to bound the

second term in the triangular inequality.

The rest of the proof is similar, bounding the degrees with (3.41), and using for assumption 3.5

g/ Aij Al

ij ij — Pij :%: /didj_ /d;d;

Ajj — AL 1
i didj i dzdj /d zd]

did; — \[did;
( Jdid;did, )‘ (3:42)

=2 @G | M

The first term is easy to bound using d; = O(nay,).

For the second term, when A;; = Agj except for ig, jo, we have d; = dj except for i = iy or jy for
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which d; — d; = 1, such that

A. ! !

)

- Jdid;did, ; didj,d),
+Z A (\/@( dzo_\/dgo))|
10J
5 d2d;,d],

and

1 /d;
SAd(Sds — Sd Y = Z4 ] 2
for some d = O(nay,), such that % = O(1). We conclude with }; A;;, = O(noy,) and

,/d?diodgo = 0(n?a2).

When A and A’ differ by one line and one column g, the reasoning is the same, except that
di — d; = 1 when i # ig, and d;, — d;, = O(nay,) otherwise.

The first term in (3.42) is again easily bounded by bounding the degrees. The second term
(w/diodj - dgod;)‘
0J
,/didjd;d;-

which is easily in O(1) by bounding all the degrees and using -, A

involves

Al

7

>

J

L
20J

= dj,. Similarly when
J =19-

The remaining term is more involved. Note that, when i # ip, the event d; — d;, = 1 can only
happen for O(a,n) nodes, since this is the number of 1’s in both A4;,. and Ago’:. Define s; = 1

when this happens and 0 otherwise, such that }°, s; = O(nay,). By the same reasoning as above,

we have
Vdidy = \Jdidy = N/di(\Jd =\ [d) + \Ja(Vdi — \[d) = O(si + 5y)
Finally,
Z Ai(si +55) = d; Z sj +d; Z s; = O(n?a?)
ij j i
and since | /d;d;d;d; = O(n2%a2) we have indeed C(4%) = O(1). O
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3.A.2 Technical Lemma

Lemma 3.1. We have

2]

q,2,n

k—1 k-1
< (H ) w (H ) 12, .. (.43
p=0 T

=1 \p=l

where up, = HHSIC)H + 1511, H9§"’)H and vy, = Hb(k)H.

Similarly,

|7 <X (lﬁup) v+ (lﬁtup) |79 (3.44)
P p=

=1 =l

where up = HH(()k)H + 18] ooy 00 HH%MH

Proof. Recursively, using |o(t)| < |t|, Lemma 3.2 and HlanH _ 1|b]],
q? 7n

HZ(k)H _ Hpk (Z(k—l)e[()k—l) + 57D | 1nb(k’)T)H <ups HZ(k—l)H to

q,2,n q,2,n

Hence the result. The proof for f*) is similar. O

Lemma 3.2. For X € R™*4 g ¢ RI*d gnd S € R™ " with Sij = 0, we have

X0, 6] (3.45)

1SX]

|X||q,27n
|51, [1X]

N

NN

|
q127n | q,2,n

Proof. The first inequality is obvious:

q

q 1/q 1 n 1/
> < 9]l (nz H&:H") = [ Xllg,2, 191
i=1

A
16112, = (nzue X,
i=1
For the second inequality, we denote by v = [|| X;.||] € R"}, since S;; > 0 we have
q> 1/q

q\ 1/q
1 & 1 1
< (n > (Z i 1, |) ) = 80l < =z 1S lell, = 1S, 1,

i=1 \ j

> 55X,

J

1 n
19X lgom={ =2
iz

i=
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CHAPTER 4

BONUS: GRAPH NEURAL NETWORKS
AND OVERSMOOTHING
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Summary

This “bonus” chapter presents two contributions on the so-called oversmoothing phenomenon,

a major limitation of GNNs that severely limits their depth.
— In the first contribution, I show that GNNs do need to be deep, even when they

“oversmooth” when they are too deep. For this I introduce several estimation problems
where two phenomena of oversmoothing but beneficial depth co-exist. I consider the
intuitions behind these phenomena to be the most interesting part of this contribution.
— In the second contribution, I examine oversmoothing from an optimization point of
view. I show that the backpropagation equations are also subjected to oversmoothing,

and that this creates many “spurious” stationary points with provably high loss.

This chapter is decorrelated from the rest of the manuscript and presents a set of contribu-

tions that I made around the so-called oversmoothing phenomenon in Graph Neural Networks.
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Broadly, oversmoothing refers to the fact that, since each layer of a GNN tends to “smooth
out” the node representations towards the low frequencies of the graph, when the depth of
GNNs increases, node representations become indistinguishable, which renders any kind of node
prediction task impossible. Identified early as a main factor limiting GNNs’ depth and their
expressivity, oversmoothing has been the subject of a very large literature, from theoretical
analysis to myriads of mitigating strategies, to position papers arguing that oversmoothing only

appears due to poor benchmarking and coding practices.

In my work, I of course focused more on the theoretical aspects of oversmoothing. I mostly
made two contributions that are a bit “on the side” compared to the mainstream oversmooth-
ing literature '. First I examined the question: do we depth in GNNs? Or, more precisely, can
oversmoothing coexist with an optimal depth of more than one layer? Second, I examined over-
smoothing from an optimization point of view: since theoretically GNNs could learn to not
oversmooth (by expanding their weights beyond the oversmoothing rate), why does it not hap-
pen in practice? As it turns out, these oversmoothing works have been a bit of a pet peeve

project of mine, and they are published in two single-author papers [NK9, NK10].

I will first introduce some background tools on oversmoothing in Sec. 4.1, before presenting these

two contributions in Sec. 4.2 and 4.3.

4.1 Background on oversmoothing
In this chapter we adopt a simplified S-GNNs, without skip connections or bias:
AL (Sz(k—l)g(k)) (4.1)

Interestingly, many early GNNs were under this form, such as the GCN of Kipf et al [77], and
they continue to be very strong baselines today. Note that here, crucially and unlike the previous

chapters, we do not assume that S is symmetric, and generally, it will not be.

Oversmoothing happens when, by repeatedly applying such layers, Z*) to a constant node

representation: Z*) k—> L,v" for some vector v. We will measure oversmoothing with the
— 00

following quantity

£(Z) :==n""? min
ceRd

7 — MTHF (4.2)

which is the (normalized) distance from Z to the subspace span(1,,). It is used in several landmark
studies on oversmoothing [115]. Different variants of oversmoothing may exist, where the limit

is not a constant node representation anymore, but a different vector. Hence we introduce the

1. which mostly consists of proposing strategies to avoid oversmoothing
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generalization for some u € R™:

Eu(X) :=n""2 min
ceR4

T

X —uc HF (4.3)
such that & = &;. For instance, by repeatedly applying S = D~1/24D~1/2
tation, the limit is u = y/deg(A) the square root of the degree vector. However, in my work I

focus on oversmoothing towards v = 1,,, which is the most common definition of oversmoothing
[131].

to a node represen-

Propagation matrix. The basic idea to theoretically prove oversmoothing is the following: at
each application of S, the node representations are brought “closer” to the dominant eigenvector
(or eigenspace) of S, which de facto becomes the oversmoothed limit. Hence, the basic hypothesis
to obtain vanilla oversmoothing towards v = 1, is to consider stochastic matrices, i.e. that
satisfies S1, = 1,.

Assumption 4.1 (Stochastic matrix). Assume that S is a stochastic irreducible? matriz.

As Markov chain transition matrices, irreducible stochastic matrices have a unique stationary

distribution 7 € R} with 71, = 1 which is a left-eigenvector for the 1 eigenvalue: 78 =7 '.

max(7;)

In the rest of the chapter, we will also assume that m; > 0 and denote by pu, = min ()

It is known that

SF— s 1,m" (4.4)
k—o0

Typically, this convergence is exponentially fast, which we formulate in the following assumption.
Assumption 4.2 (Convergence speed). There is a constant Csg > 0 and 0 < A\g < 1 such that
for all k >0,

|s* - 1n7rTH2 < CoAk (4.5)

When S is diagonalizable S = U~'AU and 1 is a simple eigenvalue, this assumption is satisfied
with Ag = |A\2| the absolute value of the second largest eigenvalue of S, which is indeed smaller
than 1 by the Perron-Frobenius theorem, and Cs = ||U ||, U],

The quintessential example of stochastic message-passing matrix for GNNs is the random walk
transition matrix:

S=D"'A (4.6)

L
i

eigenvalues of the symmetric normalized Laplacian L = Lgy,, = Id — DY24AD1/2 since S =

It is indeed diagonalizable for connected graph, with eigenvalues 1 — A*, where \F are the

2. a matrix is irreducible if it cannot be permuted to an upper-triangular matrix. If S has the same zero pattern
as A, it is irreducible if the graph is strongly connected
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D_l/Q(Id—L)Dl/Q. Hence, in this case A\g = 1— A\, where A > 0 is the spectral gap of L. However,
S is not symmetric in this case, and in particular it is possible® to have [|S||, > 1. This will be
important below. On the contrary, when S is symmetric it is bi-stochastic, and computations
are much simplified. However bistochastic matrices are quite rare in MPGNNSs, despite the fact
that they are quite common in adjacent fields such as e.g. decentralized optimization [20], where

they are called gossip matrices.

As the matrix S may contract Z towards constant representation, the weights #(*) may on
the contrary “expand” the representation in various ways. Hence an important quantity in
oversmoothing studies is the maximal operator norm of the weights, that we will denote by
t = maxy HH(k)H.

Using this proof strategy based on contracting eigenspaces, convergence towards oversmoothing
typically happens at an exponential rate. In fact, this is even in the definition of oversmoothing
adopted by certain authors [131]. Following this, we first formulate oversmoothing as a definition.
Definition 4.1. We will say that oversmoothing holds with rate 0 < Ay < 1 and constant
C f > 0 if

E(Z®)) < Cy(Ast) (4.7)

where t = max, HH(I‘:)H?

That is, at each layer S may contract by some Ay, while the weights may expand by ¢. If the
product of the two is smaller than 1, then the node representations will typically contract towards

1,,. This authorizes some expansion ¢t > 1, but ¢ is still bounded.

Interestingly, and despite the overwhelmingly large literature on oversmoothing, the most general
case is still not proven, even if oversmoothing is almost always observed in practice. Instead, we
have the following.

Theorem 4.1 ([NK10]). Suppose that Assumptions 4.1 holds. If either:

1. p = Id and Assumption 4.2 holds, in which case we consider A\y = \g, or

2. there is Ay < 1 such that

HJLSJlH2 <\ (4.8)
where J& 1= Id — 1,xn/n is the orthogonal projector onto span(1,)*.

Then forward oversmoothing holds with rate Ay and some constant Cy.

In other words, oversmoothing is proven in two cases: either the GNN is linear with p = Id, or

S contracts every directions but the constant one.

The linear case is very often adopted in the literature [159, 117, 31] (and in the previous section),

3. More precisely, ||S]|, =1 if and only if S is symmetric!

102



4.1. Background on oversmoothing

as computations are greatly simplified and the constant limit can actually be characterized (see
after). In this case, the mild Assumption 4.2 directly yields forward oversmoothing, and we recall
that it holds as soon as the graph is strongly connected, with Ag = |A\2| < 1 the second-largest

eigenvalue of S.

For non-linear p, the assumption (4.8) is satisfied when S is symmetric (and thus bistochastic)
and the eigenvalue 1 is simple. In this case, it is easy to see that (4.8) holds with Ay = [As| <
1, since S is orthogonally diagonalizable. However, when S is non-symmetric, it does not
necessarily hold. Indeed, for many real datasets it is not satisfied even if oversmoothing is still

observed in practice [NK10].

Hence there is no theoretical proof of oversmoothing in the “non-linear p, non-symmetric stochas-
tic §” case, which is arguably an important missing piece in the literature. A potential solution
would be to characterize the relationship between the eigenspaces of S and the non-linearity p

(especially if it is simple such as ReLU), but this remains an open question as of today.

Limit signal. Remark that while Z(*) converges to a constant vector across nodes, due to the
presence of the non-linear activation function p it is generally difficult to explicitly characterize
what this limit constant vector is (although some fixed point theorems may apply in certain
circumstances [182]). This is one of the reasons why many theoretical analyses of oversmoothing
focus on the linear case p = Id, where the limit can be described with S*¥ — 1,77 [159, 117, 31],

as we do in the next section.

Mitigating oversmoothing Naturally, there has been many strategies to address the over-
smoothing issue. They can be broadly sorted in two categories. First, skip connections, that is,
putting back the term “+Z®*)” in the MPGNNs (1.13) is a natural way to preserve the node
representations and potentially avoiding contraction towards a constant. Surprisingly, such skip
connections were not part of early GCN and GNN models, such that many baselines still operate
without. While nowadays skip connections start to become a well-adopted practice, they are not
without cons: they may lead to signal /gradient explosion instead, in particular at initialization *.
Moreover, vanilla skip connections often have limited efficiency in mitigating oversmoothing,
hence many exotic variants of skip connections have been proposed without any real consensus

[86, 119, 31]. In practice, most GNNs remain quite shallow, with less than 10 layers.

The other natural strategy to mitigate oversmoothing is to perform some kind of renormalization
at each layer to enforce the node representation to not collapse. Again, there are a few variants

of normalization with no real consensus and no real adoption in practice [175].

4. especially since batching is hard for graphs and BatchNorm is not as used as in regular deep learning
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4.2 Not too little, not too much: do we need depth?

The results in this section are from [NKJY].

In this section, I examine the following question: since deep GNNs oversmooth, do GNNs actually
need to be deep? More precisely, there are theoretical results that prove that depth is needed
for, e.g., GNN expressivity [161]. But such results do not put a limit on GNNs’ depth: they
examine very specific, theoretical architectures (that of course do not oversmooth) and show
that such GNNs with unbounded width and depth are expressive or can implement some graph
algorithms. On the other hand, it is known that MPGNNs that are used in practice, and in
particular (4.1), do tend to oversmooth. So the question becomes: can we have a model that
provably needs to be deep, while still oversmoothing in the limit & — co? The difficulty in this
question is that we need to analyze the behavior of such GNN at finite depth, knowing that at

infinite depth it will oversmooth.

Linear GNNs. To express these results we place ourselves in specific settings. We adopt the

random walk message-passing matrix (4.6), and linear GNN model:
S=D7't4, p=1d

Hence, according to the previons section and Theorem 4.1, when the graph is connected over-
smoothing do occur with rate Ay = 1 — A where 0 < A\, < 1 is the spectral gap (smallest

non-zero eigenvalue) of the normalized Laplacian.

Since the GNN is linear, it can be rewritten with a single parameter, and we simply write

®9(A,2) = 21 = 5L 70

Graph model. Here we consider an LPM on a set X C R% with deterministic edges ajj =

w(x;,x;), with an ajusted Gaussian kernel

12
w(z,z') = e 4 e zllT=l

Note here that X is not necessarily bounded, hence we add a small £ > 0 to the Gaussian kernel

to avoid unnecessary complication with kernels that would go to 0.

Here Z(0) = 7 , and the node features z; are a linear transform of the xz;:

Z; = f(o) (.%'Z) = MT.%'Z'
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for some matrix M € R%*% Ag described in the previous chapters, intuitively we have dy < ds,
such that M is not information-preserving in any way®, and information 4s lost between the

unknown x; and observed z;.

Loss. Here we will always consider the square loss for simplicity,

R(@p) = R(0) = - |y - 52200 (4.9)

n

For our results, we will consider a Ridge regularization on the parameter § € R%:

min R(0) + M0 (4.10)

We can implement all the framework of the previous chapter to describe the convergence of R.

We define the operator corresponding to S = DL A:
1
87)@) = g5 / w(w, ') f(')dPy(a") (4.11)

The matrix S = D~!A is naturally B-convergent towards S: note that we have not shown this
in previous chapters since we have limited ourselves to symmetric matrices for simplicity, but
it is a known result [129]. Hence using the result of the previous chapter ®y is PB-convergent

towards
(S, f0) = 678" O (4.12)

and thus the optimal risk R (®p) is equal to

I

Roir (@ (S, f*)) = Raw (0) = E ||y — 078" ) () (4.13)

Note that in the original paper [NK9], I do not express these quantities within the new
framework of this manuscript, but describe a transductive SSL problem instead. However

the proofs rely on n — oo, and can easily be adapted to obtain the results presented here.

Optimal depth? Let us go back to our original question: is there an optimal depth for the
GNN (4.1) before oversmoothing kicks in? Denote by #(%) the optimal parameter for a depth L,

that minimizes the empirical risk with a Ridge regularizaiton:

o) :argénin % HY—SLZHH2+>\H9H (4.14)

5. typically, it does not satisfy the so-called Johnson-Lindenstrauss lemma that would state that distances
between the x; are almost preserved

105



Chapter 4 — Bonus: Graph Neural Networks and Oversmoothing

we thus evaluate the quantity
RE) = Ry, (619)) (4.15)

So the question becomes: on the one hand, for a zero-depth GNN (i.e. just a regression on the
node features) we have R when the number of layers go to oo and the GNN oversmoothes
we obtain R(°) is there an optimal depth L* such that R < min(R(©®), R(>))?

Already, when the GNN oversmoothes, it is easy to show that

RE) —— R®) = Var(y) + O(\) + O(1/y/n) (4.16)

L—o0

Hence, for A small enough and n large enough, the limit risk is approximately the variance of
the labels. This is unsurprising, as it is the best possible result for constant features S f — 1(-).
Hence, generally we will have R(®) < R(°°), and the goal often becomes to show that there exists
RILY) « RO0),

In the next two subsections, we examine a regression problem and a classification problem (but
still with the square loss for simplicity). We will indeed formulate sufficient conditions under
which there exists R(E") < min(R(O),R(OO)), but more importantly, it is the intuition behind
these results that is useful: why does a finite smoothing of the node features useful, when repeated

smoothing leads to oversmoothing?

4.2.1 Regression

In this section, we consider a regression problem, with true labels:
yi=0""x;.

We consider that the labels have no noise for simplicity, and assume that the latent variables
are Gaussian
P, =N(0,%) (4.17)

for some positive-definite covariance matrix X.
For a symmetric positive semi-definite matrix 7' € R**? we define the following function

€ = = — = 2 =
Rreg (T) = (32047 (1d = T2 M(Ad + MTTM) ' MTT3) " (826%) € Ry (4.18)

where we recall that M is the projection matrix to obtain the node features z = M 'z. Our
main result can be stated informally as follows, it is detailed in the next section along with a

sketch of proof.
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Theorem 4.2 ([Thm 2 NK9]). Take any § > 0, and suppose that
Rycg (B) > Ryeg (Id + 271725 (4.19)

If ¢ is sufficiently small and n is sufficiently large, then with probability 1 — 0, there is L* > 0
such that R < min(R(©), R()).

4.2.1.1 Sketch of proof

As mentioned before, it is easy to show that R(®) < R(®) with high probability. To show the
theorem, I simply prove that R(Y) < R with high probability, which is sufficient to show the

existence of an optimal L* > 1.

For this, we will show a rigorous non-asymptotic bound on R, based on the intuitive fact
that one step of smoothing of Gaussian data with a Gaussian kernel results in approximately
Gaussian data, but with a modified covariance. This new covariance can be advantageous for the

estimation problem, as we will intuitively explain in the next section. We define
n® = (1d + 271~ %*y
Theorem 4.3 ([Thm 3 and 4 NK9]). With probability at least 1 — ¢,

RO Ry (5) 1+ O (HEII He*H?dWogu/a)) (4.20)

()\ -+ )\min)\/ﬁ

where Amin = Amin(M " SM). Similarly, with probability at least 1 — 6,

C’log n\/dy + log(1/9)
RO) :Rreg-(Z(l))Jr(’)(Csl/s)Jr(’)( £ Z L (421)

where C' = poly(||X]| ez |Id + ¥)), C" = poly(e~L 12|, 16*]]) and Amin = )\min(MTZ(l)M).

We have thus shown that R(®) a Rreg.(Z(i)) for ¢ = 0,1, when ¢ is small and n is large. Hence,
if Rreg.(Z(I)) < Ryeg.(X), which is exactly the hypothesis (4.19), the theorem is proven.

As mentioned above, the proof relies on the fact that the smoothed latent variables X *) = Sk X
are approximately Gaussian, but with covariance »(*) instead, and since the GNN is linear
Z®) = X®) M the risk can be approximated in closed-form. The difficulty lies in handling the
non-independence of the various quantities due to the smoothing, and that is also why I was
only able to prove the rigorous approximation for £ = 1, which is sufficient to prove the theorem

but not for further results: computing the exact L*, etc.
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4.2.1.2 Intuition and exact computation in dimension d = 2

We proved above that 2(!) behaves approximately like (Id + X ~!)~12, whose covariance is »),
By applying repeated smoothing we can extrapolate that z(*) behaves like (Id + X ~1) "%z, such
that

R™ & Rieg (5.

As mentioned above, the rigorous proof of this fact is still out-of-reach for now. Now, the in-
teresting question becomes: why would having Gaussian data with covariance (%) instead of ¥

help for regression?

Observe that the matrix *) has the same eigendecomposition as ¥, but where every eigenvalue
A; is replaced by )\Ek) = (141/X;)72k);. This can be interpreted as follows: when \; > 1 is large,
/\1(1) ~ A;, while if \; < 1 is small, )\El) ~ /\?kﬂ. Hence smoothing shrinks the directions of
the small eigenvalues faster than that of the large ones. Thus, if 8* is mostly aligned
with the eigenvectors of large eigenvalues, shrinking the small eigenvalues may reduce unwanted
noise that emerges when projecting the node features z = M Tz. On the other hand, if all
eigenvalues of ¥ are equal, then »*) x %, and smoothing does not help, since in the limit A = 0,
the risk is invariant to scaling Rreg.(aS) = Rieg.(S). Worse, we will see on an example below

that smoothing can actually degrade the performance when 6* is unproperly aligned.

We illustrate this in dimension d = 2. Consider the following settings: d = 2,p = 1, X has two
eigenvalues \; > 1 and \y < 1, with respective eigenvectors u1 = [1,1]/v/2 and ug = [~1,1]/V/2,
and #* is fully correlated with the first eigenvector: 6* = buy. Finally, MT = [1,0] is the
projection on the first coordinate. This situation is represented in Fig. 4.1. In this case, we can

compute explicitely:

22 + A2 4 AIAE)
@23+ A% A2

RE) & Ryeg (2H)) = A1b2( (4.22)

So, if )\éL) decreases faster than )\gL), this function will first decrease to a minimum of approx-

2
imately \;b? (2/\+2/\’\<L*)) (when )\gL) ~ 0), before increasing again to ;b = ||9*||2Z =Ely]* =
1

R() . This is illustrated in Fig. 4.1, for A\; = 2 and Ay = 1 /2, where we empirically observes
a minimum L* that matches rather well the one predicted by (4.22). On the other hand, when
A1 < Ag, we see in Fig. 4.1 that smoothing does not help at all, as the direction of 8* corresponds

to an eigenvalue that will shrink faster with smoothing.

Interestingly, this success/failure example can somewhat be linked with homophily /heterophily.
At first glance it seems that the very regular random graph model always results in homophilic

graphs. This is partly true, however is it also possible that nodes linked by a “strong” edge (with
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Figure 4.1 — Illustration of mean aggregation smoothing on the regression example described in
Sec. 4.2.1.2. For both subfigures: First three figures on the left, top: unobserved latent variables
X @) in dimension d = 2 where the colors are the Y; bottom: observed node features Z(*) = X (L) )\ f
in dimension p = 1 on the x-axis, labels Y on the y-axis. From left to right, three order of smoothing
L = 0,1 and 2 are represented. Figure on the right: comparison of empirical and theoretical MSE
given by (4.22) with respect to order of smoothing L. Subfig. a: A\; = 2, A2 = 1/2 (smoothing does help),
Subfig. b: A} = 1/2, A2 =1 (smoothing does not help). Figure from [NK9].
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a high weight) have very different labels, which can be said to be a (toy) example of heterophily.
Indeed, in this example, when the regression vector is in the direction of the eigenvector cor-
responding to a high eigenvalue, then beneficial smoothing appears, as it reduces the noise in
the observed node features (Fig. 4.1a). However, when the regression vector is instead in the
low-eigenvalue direction, then close-by latent variables have very different labels, the graph is

more “heterophilic”, and beneficial smoothing does not appear (Fig. 4.1b).

4.2.2 Finite smoothing: classification

In this section, we examine a simple classification problem for two balanced classes with Gaussian
distribution with identity covariance® A, = N(u, Id). The distribution of the labels and latent

variables is:

(z,y) ~ (1/2)(Ny @ {1} + Ny @ {—1}) (4.23)

That is, with equal probability « is drawn from N, and y = 1, or z ~ N_, and y = —1.
As ||p]| increases, the problem become simpler: there is an extensive literature on this problem
[37, 152, 13]. Note that in this case z; are also Gaussian, with mean v def MTu or —v and

identity covariance.

Our main result is the following.

Theorem 4.4 ([Thm 5 NK9]). Take any 6 > 0. If ¢ is sufficiently small, and |p| ,n are
sufficiently large, and HMT,uH > 0, then with probability 1 — 08, there is L* > 0 such that
R < min(RO), R()),

Note that we have assumed ||| to be sufficiently large here, such that the classification problem
on the z; is generally very “easy”. However, we do not assume that HM T,uH is large (just non-

zero), and the classification problem on the z; alone may be very difficult.

4.2.2.1 Sketch of proof and intuition

As in the previous section, it will be easy to show that R(®) < R(*) with high probability, and
we will prove that R < R with high probability. We define the following function

(t+ )2+t
(t+ X+ [|v]*)?

Ro(t) = (4.24)

Recalling that v = M " ;i € RP, the next result is the equivalent of Thm 4.3.

6. We note that this is not a difficult problem per se, and that linear regression with the MSE is certainly not
the method of choice to solve it. The interest here is mostly illustrative
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Theorem 4.5 ([Thm 5 and 6 NK9]). With probability at least 1 — ¢,

RO = Ry (1) +0O <””|’4pv\/lril’g(1/5)> (4.25)

With probability at least 1 — 6,

RO = Ro(1/0)+0 (0 (4 Se "1'2)> +0 (C/(k’g My + 10g(1/5))) (4.26)

NG
where C' = poly(||ul| ;%) and C" = poly(e™", || ul]).

As before, having R (1/4) < R..(0) suffices to prove the theorem, and this time this happens
as soon as ||v|| > 0, that is, the matrix M is not orthogonal to the mean p. We remark that
in the expression for R, unlike the previous section where the error terms vanished in the
limit ¢ — 0,n — oo, here there is a non-zero error term due to ||u||. Hence, for instance, the

discrepancy between the empirical observations and the theory in Fig. 4.2 compared to Fig. 4.1.

This time, the intuition is the following. As can be seen in the proof in [NK9|, when the commu-
nities are sufficiently separated, after one round of smoothing the data in the first community
y = 1 behaves approximately like HT”, whose distribution is N (u,Id/4). For the second commu-
nity it is similar with =& ~ N(—p,1d/4). Hence, up to some error O (e*”””2/4), the smoothed
features in each community have the same mean but a reduced variance 1d/4, thus
the limit risk R (1/4). Intuitively, as can be seen in the proof and the experiments, the ap-
proximation error is due to the communities getting closer to each other. In other words, the
communities shrink faster than they collapses together, and this reflects on the projected

node features. An illustration of this phenomenon is given in Fig. 4.2.

Beyond k = 1, intuitively applying a second smoothing would transform the first community
to approximately w ~ N(u,1d/16), and so on. However the errors due to the communities
“leaking” into each other accumulate: if we look at the proof, we can postulate without rigorous

proof that we get something like

k=1
R™ ~ Ry.(47%) + 0O (Z e 2<1f4—‘-’>> (4.27)
=0

Unlike the expression (4.22), the term R (47%) is strictly decreasing when k increases. Over-
smoothing is thus modelled by the error term, for which we do not have an exact expression, and
for which we suspect that the quality of approximation degrades as k increases. Nevertheless,
we evaluate this expression on an example in Fig. 4.2 (with an adjusted multiplicative constant

for the error term in (4.27)) and find that it is a reasonably good approximation, at least for
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Figure 4.2 — Illustration of mean aggregation smoothing on a classification task with two Gaussians with
dimensions d = 2, p = 1, where M projects on the first coordinate. First three figures on the left,
top: density of unobserved latent variables X(¥) in dimension d = 2; bottom: density of observed node
features Z(*) = X®) M in dimension p = 1. From left to right, three order of smoothing k& = 0,1 and
2 are represented (recall that the smoothing is agnostic to the labels, we cannot perform in-community
smoothing). Figure on the right: comparison of empirical and theoretical MSE given by (4.27) with
respect to order of smoothing k. For low k, the node features communities are indeed more and more
separated, and learning improves. Figure from [NK9].

small k.

4.2.3 Discussion

The original motivation for this contribution was to examine the discrepancy between the models
of GNNs that were strictly expressive with no limit to their depth, and GNNs in practice that
easily and obviously oversmooth. In retrospect, the most useful outcome of this study really
was novel intuitions on the mechanisms of something as simple as smoothing with a Gaussian
kernel. The key element here is the discrepancy of information between the x; and the z;, whose
smoothing allows to somewhat reduce. For regression, smoothing in the x space allows to reduce
the noise in the z space if done in the right direction, as the shrinking is not done at the
same speed in every direction. For classification, even if communities are well-separated in the z
space, they may appear very close in the z space. After which, smoothing in the x space allows

to concentrate them faster than they collapse together, helping the learning process.

Remark that these observations on the discrepancy of information between z and z were a key
motivation for my subsequent works on random graphs, up until the framework presented in
this manuscript, including Chapter 2.

4.3 Backward oversmoothing: an optimization point of view

The results in this section are from [NK10)].

Let us now turn to the second contribution: an optimization point of view on deep GNNs

and oversmoothing. Indeed, as remarked in the introduction, if at some point during training
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t > 1/, then the GNN does not necessarily oversmooth [47]. Hence the GNN could learn to
not oversmooth [162], but this does not really happen in practice: does depth has an effect on
GNNs’ optimization process? As is generally the case in deep learning, the answer is yes, but
the fine mechanisms are not the usual suspects, aka vanishing (or exploding) gradients. Here I

will describe phenomena that are specific to GNNs, which is the main takeaway message of this
work [NK10].

4.3.1 Preliminaries

In this section, we consider any (fixed) graph G with message-passing matrix S that satisfies

Ass. 4.1 and 4.2, and are no longer concerned with random graphs and stochasticity.

GNN: forward. Let us first introduce additional notations to descirbe the GNN (4.1), which

will we useful for the rest:

FkR — gz(k=-1) ¢ R”Xtikﬂ7
C(’f) — pR)g(k) c prxd
2 = p(c),

out = ¢ e x4

message-passing)
weights multiplication)

activation function)

(
(
(
(output after L layers)

For reasons that will be made clear just after, we call F() the forward signal, going “from”
input (k = 0) to output (k = L). As in the previous chapters, we assume that the input node
features Z(®) = Z are bounded “21(7?)“2 <D..

Loss function. Here, for convenience, we express the empirical risk as a loss function L :
R 5 R, :

L(¢) = %Z;l (i) (4.28)

for some functions ¢; : R% — R, and ¢ = Gi,: for short. In particular, our results would be
applicable for any loss function of this form, although ERM is the overwhelming example. We
assume the following bound on the loss, which is a stronger and more convenient version of the

assumption 2.1.
04;(z)
0z

Assumption 4.3. There are constants Dy 1,Dgo > 0 such that H

, S Deallzlly + Do

It is easy to compute that the square loss satisfies Assumption 2.1 with D1 = Dz o = 1, while
cross-entropy satisfies Assumption 2.1 with Dz ; =0 and Dz = C + 1 where C is the number

of classes.
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Figure 4.3 — GNN with S = D~' A4 or MLP with 100 layers, on the WikiCS dataset [107]. Left: illustration
of forward oversmoothing by measuring £(¢*)) (left) and backward oversmoothing by measuring &, (B®*))
(right). Center: norms of gradients 0L/0W (¥) for each layer wityh respect to epoch, for MLP (red) and
GNN (blue). Right: corresponding losses. Figure from [NK10].

GNN: backward. First-order optimization methods rely on gradients %, generally com-

puted by backpropagation. For GNNs, the backpropagation equations are

E)(Z(ﬁk) = F(k)TB(k), where
B® aiﬁ) — 7(¢®) o (STBEH (gk+)T)
and B = (;ZEL) (4.29)

We have written these equations here to emphasize the object Bk — % € R™"¥% that we

call the backward signal”. It is indeed a dj-dimensional signal on the nodes of the graph,

that satisfies a recursion equation, going “from” output (k = L) to input (k = 0). Generally,

the “initialization” B(E) = 6?&) at the last layer represents the predictive error of the GNN: for

instance, for the MSE loss, it is directly B() = %(((L) -Y).
The full gradient % — F®TB® js 5 product between the forward and the backward signal
in the node dimension. As we will see, just as depth has as effect on the forward signal with

oversmoothing ®, it also has an effect on the backward signal, but in more subtle ways.

4.3.2 Backward Oversmoothing

Due to the multiplication by ST from the output layer k = L to the input k = 1, the backward
signal will naturally also be (over)smoothed. Note however that, as S is not symmetric, the limit

will be different than the forward signal.

We need the following assumption on the non-linearity.

Assumption 4.4. Assume that p' is D,-Lipschitz.

Note that this excludes ReLLU (which is not fully differentiable anyway) but includes smoothed

7. It has several names in the literature, but here we emphasize its similarity to the forward signal.
8. That we will now refer to as forward oversmoothing
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variants like softplus [59]. To formulate backward oversmoothing, recall that we have formulated
forward oversmoothing as a definition, and that we explicitly assume that it holds, without
precising if Thm 4.1 is indeed statisfied.

Theorem 4.6 ([Thm. 2 NK10]). Assume that forward oversmoothing holds with rate Ay and
constant Cy, and that Assumptions 4.1, 4.3 and 4.4 hold. Then:

E(B®) < CL(Ast)E R + CLNE

o CsCpo,u,ﬂ—tLAL

where Cp, = %, C) = Torer o) and A, = Dx Dt + Dp .

Unsurprisingly, when multiplying by ST, the limit is now 7: we recall that &; is the distance to
span(r). The bound on &,(B®)) involves two terms: one that decreases exponentially in k, the
other one in L — k. Hence backward oversmoothing happens at the middle layers (Fig. 4.3, left),
when both k and L—k are high. This is due to the term p'(¢ (k)) in the backpropagation equations
(4.29) which modulates the rows of B%*). When the forward signal is oversmoothed (high k), this
modulation is almost constant, and backpropagation is simple: B STB(’“H)G(’““)T. It leads
to backward oversmoothing after sufficiently many iterations (high L — k). On the contrary, at
low k, the modulation p'(¢ (k)) can be high. Hence, it is the interaction between forward and

backward smoothing that leads to backward oversmoothing at the middle layers.

Theorem 4.6 describe a non-trivial relationship between \ and t, since t* is also present in the
multiplicative constants. We can simplify it by instantiating the loss.

Corollary 4.1 ([Cor. 1 NK10]). Take ¢ = 2 for a regression problem with the MSE loss, or
q =1 for a classification problem with the cross-entropy loss. Consider that the assumptions of

Theorem 4.6 hold, denote X\ = max(Ag,Af). If t <A™ where 0 < a <1 — /1 — %, then for all

1—qo
1-a’

qa < B <
& (B(ﬁL)> < \B=a)L 4 \(A—ga=(1-a)B)L ____,
~ L—oo
In other words, taking the layer index k = SL proportional to the depth L, with sufficiently low

«a we obtain an explicit exponential rate.

Backward oversmoothing is not (necessarily) vanishing gradients. While one might
feel that backward oversmoothing is detrimental for GNN training, it is not clear exactly why
this is true. In [182], the authors relate oversmoothing to vanishing gradients, however: a) they
assume Gaussian weights, and b) to our understanding, by assuming contracting Jacobians they
place themselves in a case where the forward signal itself converges to zero with increasing layer

index. This of course results in oversmoothing (a zero signal is of course constant).

However, under our general framework this is not necessarily true, as we show below.
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Proposition 4.1. [Prop. 1 NK10] There is a graph that satisfies Ass. 4.1 with a symmetric S
with Ao < 1 such that the following holds. For all L, there is a GNN of depth L that satisfies all
the assumptions of Thm. 4.6 with t < 1 such that for all k:

Haﬁ/aan)HF =1 (4.30)

That is, we can have both backward oversmoothing (by Thm. 4.6) but with arbitrarily high
gradients. Hence the answer is not vanishing gradients, at least not automatically. The main

contribution of this work is to relate backward oversmoothing to (spurious) stationary points.

4.3.3 Spurious stationary points

While backward oversmoothing is not directly responsible for vanishing gradients, in practice we
observe that deep GNNs tend to quickly and easily get stuck in local minima (Fig. 4.3, center).
This prompts us to analyze the stationary points of deep GNNs. We first introduce the following
definition of near-stationary points [141].

Definition 4.2 (§-stationary point). The weight 0% s said to be at a §-stationary point if
Haz/ae%)HF <6 (4.31)

If this is true for all 1 < k < L, then the GNN is said to be at a global §-stationary point.

Note that stationary points can be detrimental — e.g., “bad” local minima, saddle points —
or simply the sign of successful training: after all, characterizing the rates of convergence to

near-stationary points is the main goal of non-convex optimization [141, 67].

We now turn to the main result of this section. For convenience we define the function

£(a) = Flgtllatae” (4.32)
and note that £;(o) > 0 for a <1+ z—lq -1+ ﬁ, which is roughly equal to 0.38 for ¢ = 1 and
0.21 for g = 2.

Theorem 4.7 ([Thm. 3 NK10]). Assume that forward oversmoothing holds with rate Ay and
constant Cy, and that Assumptions 4.1, 4.3 and 4.4 hold. Denote X\ = max(Ag, As). Suppose that
t < AT, with (a) > 0. Assume that the output forward signal is not zero: ﬁ HF(L)HF > Dp,

and that the parameter 0 is at a dg-stationary point. For § > 0, if

. log(1/(Dré))

> OBUAZRO) g 6y < AP DRo 4.33
&, () log(1/)) g r (4.33)
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then the GNN 1is at a global §-stationary point.

This theorem shows that, for sufficiently deep GNNs, under some mild assumptions, every dg-
stationary point for the output layer L is also a global j-stationary point, for some
small 0 related to §g and L. In other words, as soon as the last layer of the GNN is “trained”,
gradients vanish at every layers and the GNN hardly trains anymore. As one might guess, the
last (linear) layer is exceedingly easy to train, which results in many easy-to-reach stationary
points. Note that, while backward oversmoothing is the underlying mechanism for this result as

we will explain next, d-stationarity indeed happens at every layers.

4.3.3.1 Sketch of proof

As in the previous section, the intuition behind the proof of the theorem is at least as useful as
the result itself.

In forward oversmoothing, the signal Z(*) converges to a constant node representation when k
increases. As mentioned in the previous section, in the linear case p = Id it is easy to characterize
the limit by leveraging S* — 1,7 ', which is not possible anymore in the non-linear case.
The situation is different for backward oversmoothing. As mentioned earlier, when the forward
signal is oversmoothed (near the output layer), the term p/(¢%)) is approximately constant,
and the update equation is approximately B*) o §TB*+1)(9k+I)T which is nothing
more than a linear GNN! Hence we can approximate the limit representation of the backward

oversmoothed signal, and it relates to the average of the output error: at the middle layers,
B® oc 71 BL(9L) | 9E+INT "using (ST)F — 71

We thus obtain the following theorem, which is the core of the proof of Thm 4.7.

Theorem 4.8 ([Thm. 4 NK10]). Take g = 2 for a regression problem, or q = 1 for a classification
problem. Assume that forward oversmoothing holds with rate Ay and constant Cy, and that
Assumptions 4.1, 4.8 and 4.4 hold. Denote X = max(Ag,A¢). If t < A= with (o) > 0, the
GNN is at a global §-stationary point, with

§ < Nal@)L 4 y-al HQ B<L>H2 (4.34)

The key component here is the norm of 17 B = % > 8%29), which is indeed the average of the

output error of the GNN. One notable aspect of this result is that it applies to every layer k,
even though oversmoothing is the underlying phenomenon. Indeed, first, middle and last layers

are indeed treated differently in the proof

— in the last layer (high k), the forward signal is oversmoothed and the updates of B®) are
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approximately linear. Hence

oL

o= FOTB® & 1 T(§T)L-FBELI(9L) | gt yT — 1 T B (g(L) | gkt1))T
89 n n

for some vector v, since S is stochastic. We see IZB(L) appear.

— in the middle layers, both B®*) and F*) are oversmoothed. As described above, the updates
to B are linear, and we can actually compute the limit: B*) ~ ex1 B (9(F) | gk+1))T

for some constant c. Again, we see 1,/ BW) appear directly in B®*) this time.

— In the first layers, we control the growth of the norm of B%®) from the middle layers, and
again relate to Hl;;B(L)H.

To conclude with the proof of Theorem 4.7, we then bound the average output error HI,TLB(L) H2
when the last layer is at a stationary point: since the output of the GNN is almost constant due to
forward oversmoothing, when the last layer is trained, the average error automatically vanishes.
In summary, it is indeed the subtle interplay between forward and backward oversmoothing, as
well as the observation that updates on B are linear even when p is non-linear, that allows to

prove the theorem.

4.3.3.2 Stationary points with high loss

As mentioned above, stationary points are not inherently bad: reaching a stationary point is the
goal of optimization [141, 67], in the hope that it is a good (local) minimum in the non-convex
case. Hence, we still haven’t proven that backward oversmoothing was inherently bad per se,
but it becomes increasingly clear that a model that stops training as soon as the last layer is

trained is indeed problematic, and that it is what we somewhat observe in practice.

More rigorously, can we leverage Theorem 4.7 or 4.8 to show that deep GNNs can have a global
d-stationary point, for an arbitrary high loss? Such a result would be quite unusual in non-convex
optimization, as the existence of stationary point is generally decorrelated from the value of the
loss in itself. We give an example below.

Corollary 4.2 ([Cor. 2 NK10]). Assume that forward oversmoothing holds with rate Ay and
constant Cy, and that Assumptions 4.1, 4.3 and 4.4 hold. Denote A = max(Ag, A\y). Consider

the regression case, and assume that the labels are centered:
> yi=0
%
Denote by p? = Ly lyill3. Suppose that t < A\=%, with &(a) > 0, and the last weight is such
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that |Willy < ew,. For §,e >0, if

Lo log(1/9)
~ &la) log(1/3)

then the GNN is at a global §-stationary point, and the loss satisfies

. L
and ey, < min ()\2‘”:5, %5)
Y

LEW) = py/2 - (4.35)

In other words, for a centered regression problem and sufficiently deep GNNs, it is easy to find a
flat region of near-stationary points such that the loss is uniformly high, close to the variance of
the labels. While we constructed this particular example around Wy, = 0, it is likely that many
other flat regions with high loss could be constructed on the same principles, by leveraging
Thm. 4.8.

4.3.3.3 GNNs are not MLPs

It is known, both in theory and in practice, that the landscape of MLPs is riddled with local
minima and saddle points [153, 179, 40, 168]. Can we make certain that the stationary points
identified by Thm. 4.7 are indeed specific to GNNs? The following proposition answers by the
affirmative.

Proposition 4.2 (MLPs are not GNNs). Consider a regression problem, in the MLP case
S = Id. For all n there is a data distribution such that the following holds. For all depth L > 0,
there is an MLP that satisfies Assumptions 4.1, 4.8 and 4.4, such that t < 1, ﬁ HF(L)H =1,
% =0, but there exists k such that

=1 (4.36)

oL
o0(k)

This proposition indeed contradicts Thm. 4.7 for MLPs: there is a regression problem and an
arbitrarily deep MLP that satisfy all the Assumptions of Thm. 4.7 — including that F(&) is lower-
bounded and W7, is at a stationary point — such that at least one gradient does not vanish. Hence,
our results are not another characterization of existing stationary points in deep learning, but

are instead specific to GNNs.

4.4 Conclusion, discussion

Oversmoothing is a phenomenon that has been identified early in GNNs, that may severely limit
their depth. Beyond the vanilla definition and the cases where it can be theoretically shown, the

modern view on oversmoothing is often that:
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— it is a rather vague definition, and while deep GNNs are definitely hard to implement,
“oversmoothing” may refer to an ensemble of difficulties instead.

— vanilla oversmoothing can be countered by simple strategies: skip connections, normaliza-
tions, but deep GNNs remain hard to implement, and performance does not really increase

with depth. This is unclear why.

In my point of view, “oversmoothing” is one manifestation of an underlying phenomenon: in
GNNs, there is an inherent interaction between elements of the loss that are normally inde-
pendent in ML, and this has many consequences (not necessarily detrimental): in the forward
pass, the backpropagation, and so on. As such, recent position papers challenge the classical

interpretation of oversmoothing [79].

In my case, these two papers on oversmoothing [NK9, NK10] were an interesting side project,
that I do not think I will pursue further, except maybe more focused on GNN optimization in

general. That said, there are still interesting open questions left.

Open questions

— As we have seen, forward oversmoothing is not entirely solved, and this is an important
missing piece in the literature. The key would be to analyze the interaction between
non-linearities and the eigenspaces of non-symmetric stochastic matrices, which is
certainly useful in its own right.

— there is not much theoretical analysis of the mitigation strategies for oversmooth-
ing, skip connection and normalization. The rare existing theoretical analyses of skip
connections are highly non-trivial [31]. They might be adapted to the backward case.

— Can we design better optimization algorithms for GNNs, e.g. not based on vanilla

backpropagation [174]?
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CONCLUSION AND A FEW WORDS

I do not have a background in graph theory, or even graph machine learning. My first paper
on graphs dates from two years after my PhD, in 2019 [NK11], when I stumbled upon a few
papers on GNNs (well after they were invented, and already at the peak of their “hype”) and
thought that the topic looked fun. I did not plan to seriously start working on, or limit myself to,
graphs. To this day, I still meet researchers that I knew from my PhD days that think of me as
a specialist of data compression in ML (which I never really was either). But a few years later, I
am still working on graphs, and just started an ERC grant on the topic. Nevertheless, I strongly
feel that my “non-graph” background is reflected in my approach: paradoxically, I try to escape
graphs as soon as I can (!) to fall back into the comfortable world of continuous prediction
functions, concentration inequalities, and so on. I had the chance to encounter collaborators and
colleagues that were interested in similar approaches, and to somewhat witness (and humbly

participate in) random graphs and GNNs coming together in the literature.

When I started writing this manuscript, I had results on GNNs lying around about convergence
towards functions, universality, concentration, and so on. I had initially intended Chapter 2
to be a section of the introduction, to give mathematical background on regular ML. But by
attempting to formalize a bit node-tasks GML, I ended up patching most missing notions and
developing a somewhat “novel®” framework in which all my existing results could neatly fit.
Crucially, it drew a rigorous link between generalization in GML and generalization in regular

ML, something that has always been evoked in my previous works but never really formalized.

Now what? To some extent, I feel that this work brings a sort of closure to what has been
my main research topic in the last few years. Of course, there are still many outstanding open
questions, of which we have outlined a few at the end of each chapter, but the basic, fundamental
framework has been laid out, and that has been one of my main goal for a long time. All my
previous results fit within this framework, and though they are by no mean complete, the “spirit”
of future results should not change too much, apart from improving rates, proof techniques,
treating more examples, and so on. So, while my work on generalization is not entirely finished,
I still have to ask: now what? What’s the next “big” step?

9. I am still unsure about to which extent these definitions can be called “novel”; I think of this chapter as
appropriate reformulations of general objects.
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Beyond random graphs. My current opinion (it may change at any moment) is that the
Latent Position Models random graph themselves are probably an over-simplifying step here.
They could certainly be improved upon and complexified, while still staying in the realm of
LPMs: for instance, node features and labels could depend on more than a single latent variable,
not be independent from the graph structure, and so on. Or we could stray further from LPMs,

and develop more complex generative models.

Generative models for graphs have been a popular topic in the last few years [49, 114, 75, 155, 29]
—although incomparably so with generative Al for images or text naturally. Popular applications
are often found in chemistry, where potential molecules may be generated for e.g. drug discovery
[155]. As such, most existing methods handle small, highly structured graphs. Unsurprisingly,
diffusion models !° [155, 49, 29] are the most popular models, where the diffusion can happen
at many stages: directly on the graph [155], on latent variables [178] (we then come back to an

LPM but with highly non-iid latent variables), on some other encoding [49]...

However, the theory of such models is inexistant. There are outstanding questions though, as
usual mostly coming from mixing ML objects with permutation invariance/equivariance. For
instance, a pure noise, permutation invariant distribution over independent edges is necessarily
an Erdoés-Rényi model, and by our convergence results, applying any GNN to a large Erdés-Rényi
graph results in a constant output, hence the “denoising” step on diffusion model is increasingly
difficult. From preliminary discussions '!, it seems that exchangeability '? really becomes the
central concept in these models: for instance, starting from a point cloud of i.i.d. noisy samples,
after a few steps of equivariant denoising, the distribution is only exchangeable and not i.i.d.

anymore. Hence, I strongly feel that my next major endeavor could be titled something like

“From independence to exchangeability”

Allowing for exchangeable latent variables and exchangeable edges could be key to unlocking
more powerful, realistic random graph models (through diffusion processes or equivalent), while
remaining theoretically tractable. Fortunately, exchangeable random variables and random “ar-
rays” (like graphs) have been studied in statistics for a long time [76], and powerful results such

as de Finetti’s or Aldous-Hoover’s theorems exist to help characterize them.

Exchangeability is far from being a novel notion for random graphs [150, 116], or even for certain
classes of deep neural nets [18], but I am convinced that its rigorous introduction in modern
Graph ML, with advanced generative models and GNNs, could be a theoretical and practical

breakthrough. As before, it is the convergence of tools and ideas from different communities that

10. roughly, diffusion models work by progressively adding noise to clean data and learning to denoise it, then
starting from pure noise and denoising it several times to obtain new data

11. with T. Vayer, and in the context of the PhD of A. Jamadandi co-supervised with A. Roumy

12. that is, the probability is invariant by permutation of the data
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did not use to speak to each other that is attractive to me. Of course, I describe here only early
reflections on a new topic with which I am not familiar, that are probably somewhat naive. But

I already see interesting questions, that may well still be open.

Open questions(?)

— Can an i.i.d. pure noise distribution really be mapped to an exchangeable distribution
in an equivariant manner? (existence, unicity...)

— Do equivariant denoising maps used in practice generalize to larger graphs/point
clouds? (such transferability to larger objects is not usual for regular diffusion mod-
els...)

— Can we define an efficient equivariant denoising model on graphs with exchangeable
(instead of independent) edges? Leveraging Aldous-Hoover theorem for random ex-
changeable arrays?

— Can all the generalization analysis in this manuscript be done for exchangeable random

graphs? What is the equivalent of B-convergence? What are the links with regular
ML?
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